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Synopsis

Numerical simulations of partial differential equations (PDEs) are fundamental tools in
scientific computing, enabling the study of complex physical systems from climate mod-
elling to drug discovery. However, their computational expense often limits applicability
when large ensembles of simulations are required. Deep learning-based surrogate models
have recently shown orders of magnitude faster inference whilst maintaining acceptable
accuracy, yet training such surrogates faces significant efficiency challenges arising from
the synthetic data paradigm, wherein training data must be generated with expensive
numerical solvers.

This thesis addresses the training efficiency problem from a data-centric perspective,
focusing on two interconnected bottlenecks. First, the large scale of simulation data im-
poses severe storage and input-output constraints in traditional offline training workflows,
where datasets must be generated, written to disk, and subsequently loaded for training.
Second, the complex, high-dimensional solver input parameter spaces suffer from the
curse of dimensionality, leading to often non-representative training datasets, whose size
is limited by available storage.

To address the storage bottleneck, this work leverages an online training approach
through the Melissa framework, which couples data generation and neural network (NN)
training in a streaming fashion, transforming the training process from storage-bound to
compute-bound. This approach eliminates the need for storage of large datasets, their
writing and reading, and enables steering of data generation adaptive to the evolving state
of the surrogate model during training. With storage no longer a bottleneck, the limiting
factor becomes how to spend the simulation budget wisely.

The thesis makes two primary contributions. First, an active learning (AL) method
called Breed is developed for physics-informed NNs in the context of collocation point se-
lection, employing loss-driven importance sampling to concentrate training data in regions
of high prediction error whilst maintaining exploration through a scheduled balance. This
approach addresses the exploration-exploitation dilemma and mitigates catastrophic for-
getting through an epsilon-greedy-inspired strategy with curriculum learning principles.
Experiments on benchmark problems including the Allen-Cahn equation demonstrate su-
perior convergence and stability compared to existing residual-based approaches.

Second, building upon this foundation, the online variant of Breed is developed specif-
ically for data-driven surrogates within the online training setting. Breed is adapted to
accommodate concurrent data generation constraints and autoregressive temporal predic-
tions. As the method uses per-sample loss calculated during NN optimisation steps, it
is agnostic to the surrogate model and light-weight. In turn, the Melissa framework is
advanced with an active sampling mechanism that enables efficient data creation steering
along the training process. The mechanism operates as a feedback loop: an AL algorithm
adapts a sampling distribution over the input parameter space in response to the surro-
gate’s training progress, and new solver input parameters are drawn from this distribution
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to generate the next simulation data.
Extensive experiments demonstrate effectiveness across multiple PDEs including the

heat transfer, Kuramoto-Sivashinsky, and Korteweg-de Vries equations, with varying de-
grees of nonlinearity and chaos. Results consistently show that Breed significantly reduces
the variance and maximum values of test errors compared to uniform baseline sampling,
improving reliability and robustness of surrogate predictions at minimal cost.

Extending the previous contribution, the thesis introduces OGAS, a generative ac-
tive learning method that replaces the Breed’s direct importance sampling with a neural
generative model for efficient approximation of the evolving distribution over informative
solver parameters. Larger scale experiments show that OGAS yields more reliable sur-
rogates across diverse PDEs and architectures than Breed and adapted pool-based AL
baselines.

On the whole, the thesis contributes to the challenge of efficient training of deep
surrogates for PDE simulations by addressing it from a data-centric perspective. This
work aspires to pave the way to the use of deep learning for scientifically challenging and
societally significant applications at large scale without ever-growing compute resource
budgets and negative environmental impact.

Thesis Organisation
The thesis is structured in two parts: Part I for background, which consists of four
chapters that progressively narrow from fundamental concepts to the specific efficiency
questions that the thesis addresses, and Part II for contributions, which consists of three
chapters presenting the contributions of the thesis. We illustrate the logic of the thesis
organisation in Figure 1.

Remark on LLM Assistance
I would like to acknowledge the use of large language models (LLMs) and code assistants
as support tools during the preparation of this thesis. They helped me express and refine
ideas, especially in English writing and in managing some ADHD-related organisational
challenges, but did not generate new scientific ideas, research questions, or conclusions.
All research contributions, methodological choices, and interpretations are my own, and I
used these tools selectively and mindfully, recognising the environmental and societal costs
of large-scale AI systems. In this sense, LLMs and code assistants functioned as powerful
“horses” that can enhance a researcher’s capabilities, while direction and responsibility
remain with the human rider.
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Figure 1: Thesis organisation logic.
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Introduction to Part I

Part I serves as the foundational background for the thesis, introducing the terminology,
notation, and related literature to provide the necessary context to position the thesis
contributions presented in Part II. The part is organised into four chapters that progres-
sively narrow from fundamental concepts to the specific efficiency questions that the thesis
addresses.

• Chapter 1 covers prerequisites in deep learning and scientific computing, from neural
networks basics to numerical simulations of Partial Differential Equations (PDEs).

• Chapter 2 lays out the principles of deep surrogate models for PDEs, discussing
their motivation, state-of-the-art methods, limitations, and synthetic data specifics.

• Chapter 3 examines I/O efficiency in deep surrogate training, contrasting offline
and online training paradigms, which transforms the process from storage-bound to
compute-bound.

• Chapter 4 explores data-centric compute efficiency via active learning (AL), review-
ing classical methods, prior work on AL for deep surrogates, and their limitations.

The part concludes by identifying a research gap that motivates the thesis contribu-
tions and methodological chapters that follow in Part II.





Chapter 1

Introduction to Deep Learning and
Simulations

This chapter provides the reader with the necessary background on deep learning (DL)
and scientific computing by introducing the key concepts, terminology, and notation used
throughout the rest of the thesis. It is organised into two sections: Section 1.1 is dedicated
to DL fundamentals, which include supervised learning objectives and neural networks
training; Section 1.2 is dedicated to scientific computing fundamentals, which include
partial differential equations, numerical methods for solving them, and simulation appli-
cations. The chapter concludes by discussing limitations of numerical simulations that
motivate the use of DL-based surrogates, which are covered in the next chapter.

1.1 Deep Learning
In this section, we start with a brief introduction to machine learning fundamentals,
specifically focusing on supervised learning from a probabilistic perspective. We then
present deep learning (DL) models concepts, i.e., neural networks and their optimisation,
and conclude with a discussion of DL successes from a computational perspective. We
take [157] and [65] as the base references for this section.

Machine Learning (ML) is a subfield of artificial intelligence (AI) that develops math-
ematical algorithms and computer programmes able to automatically learn patterns and
representations from data, and extrapolate that knowledge to new data. We start with a
formal definition by Mitchell, 1997 [151]:

“Machine learning algorithms are defined as algorithms that given a task T ,
performance measure P , and experience E, can learn from E to improve their

performance P on the task T for unseen experiences.”

Based on the type of experience, ML algorithms are categorised into three main ap-
proaches: supervised, unsupervised, and reinforcement learning.

In supervised learning, the experience E is a collection of input-output pairs, features
and targets, which is called dataset. The goal of supervised learning is to learn a function
that maps inputs to outputs based on the provided dataset, e.g., regression tasks with
continuous targets and classification tasks with discrete targets. The targets in supervised

5
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learning are often provided by human experts or derived directly within the data collection
process.

In unsupervised learning, the experience E is a dataset of only input data points. The
goal of unsupervised learning is to learn patterns or structures in the data, e.g., cluster-
ing tasks and anomaly detection, or to learn a representation of the data that captures
its essential features, e.g., dimensionality reduction tasks. The targets in unsupervised
learning are often derived from the data itself or from other sources.

In reinforcement learning, the experience E consists of interactions with an environ-
ment, where an agent takes actions and receives rewards. The goal of reinforcement
learning is to learn a policy that maximises the cumulative reward over time.

In this thesis, we primarily focus on supervised learning methods, the core concepts
of which are introduced below.

1.1.1 Supervised Learning Setting
Further terminology and notation are largely adopted from the ML textbook by Mur-
phy, 2012 [157].

The goal of supervised learning is to learn a mapping f from inputs to outputs based
on a given dataset by improving a performance measure P .

The dataset is a collection of N input-output pairs, D = {(xi, yi)}Ni=1, where xi ∈ X
are the inputs (features) and yi ∈ Y are the outputs (targets). Typically, the inputs
are vectors, matrices, or tensors of real numbers, i.e., X = RDx , otherwise the inputs
are preprocessed and transformed into such format. The outputs can be discrete or
continuous, depending on the task. We consider only regression tasks in this thesis, where
Y = RDy . This collection is drawn from an unknown true data distribution p⋆(x, y), also
called population distribution. The dataset distribution is called empirical distribution
pD(x, y).

The mapping f : X → Y , called model, is typically parameterised as f(x; θ) (or fθ(x),
or just fθ) by a parameter vector θ ∈ RP , where P is the model size. We often denote with
ŷ the model’s output, also called prediction, for the input x, when it is not ambiguous to
the parameters θ.

The performance measure, called loss function, indicates the discrepancy between the
model’s predictions ŷ and the target y. The most common loss function for regression
tasks is the squared error (SE):

ℓ(y, ŷ) := ||y − ŷ||22, (1.1)

where ∥ · ∥2 is the L2 norm and defined as:

||a||2 =

⌜⃓⃓⎷ D∑︂
i=1

a2
i , a ∈ RD. (1.2)

The average loss over the training dataset D, called empirical risk, is defined as:

L(θ;D) = 1
N

N∑︂
i=1

ℓ(yi, f(xi; θ)), (1.3)

and for the squared error loss it is also called mean squared error (MSE).
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The model fitting or training problem is to find the optimal parameters θ⋆ that min-
imise the empirical risk. Then the training objective is the following optimisation problem,
called empirical risk minimisation (ERM):

θ⋆ = arg min
θ
L(θ;D). (1.4)

The ultimate goal of supervised learning is to learn a model that generalises well
to unseen data points, i.e., the model performs well on data points that are not in the
training dataset. The generalisation performance is measured by the expected loss over
the true data distribution, called population risk:

L(θ; p⋆) = Ep⋆ [ℓ(y, f(x; θ))] (1.5)

While we hope that the dataset is representative of the true data distribution, it is
often not the case in practice due to the limited size of the dataset and potential biases
in data collection. The bigger the gap between the empirical and true data distributions,
the harder it is for the model to generalise to unseen data points. The difference between
the empirical and population risks, L(θ; p⋆)−L(θ;D), is called generalisation gap. High
generalisation gap indicates an overfitting of the model to the training dataset.

As we do not have access to the unknown p⋆, we can not calculate and minimise the
population risk. Instead, we typically split the dataset into two disjoint subsets: the
training set Dtrain and the test set Dtest. The training set is used to fit the model, while
the test set is used to evaluate its performance on unseen data. We define the test risk,
which we use to approximate the population risk, as:

L(θ;Dtest) = 1
|Dtest|

∑︂
(xi,yi) ∈ Dtest

ℓ(yi, f(xi; θ)). (1.6)

High error on both training and test sets indicates an underfitting of the model, which
means that the model was not trained long enough or itself is not complex enough to
capture underlying data mapping. Model’s complexity is also referred as cognitive capacity
or ability and is related to the model size P and architecture.

Both underfitting and overfitting phenomena can be interpreted through the bias-
variance dilemma [157, 109]. It states that the expected prediction error can be decom-
posed into three components: bias, variance, and noise (irreducible error imposed by the
data); for MSE it is expressed as:

ED
[︂
(y − f(x; θ))2

]︂
=Bias2 + Variance + Noise = (1.7)
= (ED [f(x; θ)]− Ep⋆ [y|x])2 + (1.8)

+ ED
[︂
(ED [f(x; θ)]− f(x; θ))2

]︂
+ (1.9)

+ Ep⋆

[︂
(y − Ep⋆ [y|x])2

]︂
, (1.10)

Underfitting is characterised by high bias and low variance, while overfitting – by low
bias and high variance, leading to a trade-off between these two as the error is minimised.
Finding the optimal balance is the ultimate goal of supervised learning.

This decomposition parallels to a total uncertainty decomposition into aleatoric and
epistemic uncertainties [68]. The noise term corresponds to aleatoric uncertainty – un-
avoidable, irreducible uncertainty due to randomness in a system, and epistemic uncer-
tainty – reducible uncertainty induced by the lack of knowledge about the system – is
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related to both bias and variance terms. The epistemic uncertainty stems from the model’s
limited capabilities to capture the underlying data mapping, which can be reduced by in-
creasing the model size, and from the limited representativeness of the training dataset,
which can be reduced by increasing the training dataset size or improving its quality.

In subsection 2.2 of Chapter 2 we further discuss supervised learning within the context
of scientific ML.

1.1.2 Neural Networks Basics
Deep learning (DL) is a subfield of machine learning that focuses on using a special type
of parameterised model, i.e., deep neural networks (NNs), to learn complex patterns and
representations from data. We give a brief introduction to basic NNs and their training
here, and in Section 2.3 of Chapter 2, we give an overview of advanced architectures that
are used in scientific ML.

Neural network (NN) is a combination of linear parameterised functions, called layers,
organised in acyclic graph, with non-linear functions, called activations, applied element-
wise to the outputs of layers. For example, a NN with a simple linear graph of layers, is
a multi-layer perceptron (MLP) [183]. An MLP of L layers and activation function φ for
regression task is defined as:

f(x; θ) = hL ◦ φ ◦ hL−1 ◦ · · · ◦ φ ◦ h1(x), (1.11)

where ◦ is the function composition operator and a linear function hi is defined as:

hi(a) = Wia + bi, (1.12)

where Wi ∈ RDi×Di−1 is the weight matrix and bi ∈ RDi is the bias vector for layer i. The
input layer size is D0 = Dx and the output layer size is DL = Dy, while for the intermediate
layers, called hidden layers, the sizes D1, . . . , DL−1, also called widths, are chosen. The
collection of all weight matrices and bias vectors is the model’s set of parameters θ and
the model size is P = ∑︁L

i=1(Di ·Di−1 + Di). The design of the MLP’s architecture is the
choice of L, hidden layers widths, and the activation function φ.

The nonlinearity of the activation function is what allows NNs to learn complex pat-
terns in data. The most common choice for the activation function is the rectified linear
unit (ReLU) [6]:

φ(x) = max(0, x). (1.13)
The optimisation of the empirical risk is typically done using gradient-based methods,

such as stochastic gradient descent (SGD) [26] and its variants, e.g., Adam [102].
The optimisation is typically performed in an epoch-based manner with mini-batches

of data points [124]. At each epoch, the training dataset is randomly split into small
batches Dbatch of size B. Then, total of N/B iterations of a gradient descent step is
performed over these batches. Calculating the gradients over a small batch of data points
serves two purposes. First, it reduces the computational cost of an optimisation step,
when compared to calculation on the whole dataset. Second, it introduces noise in the
gradients as the estimation is based on smaller set, which helps to escape local minima
and improves generalisation. Compared to using a single data point (as in pure SGD),
mini-batches provide a better estimation of the gradients.

Model parameters update rule, i.e., an optimisation step iteration, using mini-batch
SGD is defined as:

θnew = θold − η∇θL(θold;Dbatch), (1.14)
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where η > 0 is the learning rate. The update rule for Adam optimiser is more complicated
as it uses adaptive learning rates for each parameter and momentum terms to accelerate
convergence. The gradients of the loss function with respect to the model parameters
are computed using backpropagation [183], which is an efficient algorithm for computing
gradients in NNs, especially with auto-gradient libraries, such as PyTorch [166] and JAX
[60].

The training process is performed for a fixed number of epochs given training budget
or until convergence criterion is satisfied. The training configuration consists of the choice
of the optimisation algorithm, its parameters like the learning rate η, and batch size B, as
well as other hyperparameters, such as weight decay, learning rate scheduler, or weights
initialisation scheme.

1.1.3 Successes of Deep Learning from Compute Perspective
The DL field originates as early as almost a century ago but its notable successes emerged
only recently. The first reference to NNs dates back to 1943 [146], while the modern
version of NNs was introduced in the 1980s [183]. The fast-growing progress in computing
hardware [201], in particular graphics processing units (GPUs), has a significant impact
on the advancement of DL starting in the 2010s. Apart from efficient parallelisation and
high throughput, which enables faster training of large models on large datasets, the cost-
effectiveness of GPUs has made DL more accessible, leading to a surge in research and
applications [2]. Exponential growth is observed in number of publications and models
developed in AI research [143], advancing the state-of-the-art DL methods and their
adoption in various domains.

Since 2015, the field has witnessed a distinct and rapid rise of large-scale models [196],
fundamentally transforming modern AI. Its beginning is marked with release of AlphaGo
[199] and includes large-language models like GPT-3 [30], image generation models like
DALL-E [177], and transformer models [45]. These large-scale models were developed
and trained mainly by large industry corporations and research labs, requiring significant
computational resources [17]. Overall, the compute used to train the most notable AI
models has grown by 4.1 times per year since 2010 (4-5 times based on [195]), alongside
comparable growth in training dataset sizes [143], enabling these breakthroughs.

These advancements have been enabled by the co-evolution of the DL field and com-
puting hardware technologies, where advances of one shape the other’s. Specialised hard-
ware, accelerators, and infrastructures have been developed to meet the computational
demands of DL workloads: tensor processing units (TPUs), AI chips, cloud AI services,
AI-specific supercomputers [198, 170]. These innovations have enabled further scaling
of DL methods, shifting their application focus from consumer-oriented tasks towards
complex scientific problems, like protein structure prediction [94].

At the same time, the compute growth trend has raised concerns in the context of
economic and environmental costs, and some studies suggest that its continuation may
face physical and practical limits [213]. For scientific ML, this means designing models
that maintain high accuracy even with limited compute resources.

1.2 Differential Equations and Simulations
In this section, we provide an introduction to scientific computing, in particular, we
focus on partial differential equations and autoregressive mesh-based numerical solving
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methods. We take [50], [66], and [55] as the base references for this section.
Scientific computing, also called computational science or scientific modelling, is one of

the ways to study the nature’s system of interest. The system may be studied through (1)
observations, (2) experiments, (3) analytical solutions, and (4) simulations. Observations
capture the system’s behaviour without interference from the outside, e.g., weather obser-
vations, astronomical observations, etc. Capturing can be done with various instruments,
e.g., cameras, sensors, telescopes. While it is the most accurate way to study the system,
it is often limited by the system’s accessibility, incurred costs, instruments precision and
capabilities. Experiments manipulate the system to study its behaviour under different
conditions, e.g. chemical experiments, manufacturing tests, etc. Associated costs and
dangers are often a concern. Simple examples: we do not observe such weather phenom-
ena as hurricanes or tornadoes often, as they are rare and dangerous; experimenting with
nuclear reactions is extremely expensive and dangerous. As the world is governed by
physical laws, we can often describe (or try to describe) the system with mathematical
equations. But for most of the real-world systems, finding the analytical solution to these
equations is impossible, for example, due to the complexity of the equations or the do-
main. What is left is to solve these equations numerically, i.e., approximating continuous
space with discrete points, and simulate the system on the computer.

In the last decades, the numerical solving methods have matured and are widely used
in many fields of science and engineering. With the advancement of computing power,
running simulations has become quicker and cheaper, thus, more affordable and accessible.
Supercomputers, large clusters of computational resources joined into a single infrastruc-
ture, have been built mainly for scientific computing purpose to run simulations of com-
plex systems. Some simulations can take days or weeks to run over thousands of compute
modes, which is still much faster and cheaper than real-world experiments. Though the
accuracy of the solution approximations is affected by truncation, rounding, precision,
and other errors, numerical simulations are the main tool for science and engineering.
It enabled such achievements as weather prediction, aircraft design, drug discovery, and
many more. So what are these equations? And how are they solved?

Differential equations are the mathematical way to describe the physical model of the
system. The system has certain values of interests, e.g., temperature, pressure, velocity,
etc., that change in space and time, meaning they can be written as functions of space
and time. The changes in these values and their relations can be described with equations
of derivatives, i.e., differential equations. Specifically, these equations are governed by the
physical laws, e.g., conservation of mass, momentum, energy, etc. We will not dive into
the details of the system design and the derivation of these equations, but rather focus
on the equations themselves and their numerical solving methods.

1.2.1 Example of Differential Equation and Numerical Solving
Method

We give a simple illustrative example. Throwing a ball in the air, we want to know its
position at any time t, function x(t). The ball is affected by the gravity force g, which
causes the acceleration a downwards. The acceleration is the second derivative of the
position x with respect to time t,

a = d2x

dt2 = −g, (1.15)
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where g is the gravity constant. This simple equation can be solved analytically. But how
would we solve it numerically? We can discretise the time in small steps ∆t. What is
derivative? It is the rate of change, i.e., dx

dt
= lim∆t→0

∆x
∆t = lim∆t→0

x(t+∆t)−x(t)
∆t . To take

second derivative, we do it twice:

d2x

dt2 = lim
∆t→0

dx
dt

(t + ∆t)− dx
dt

(t)
∆t

= lim
∆t→0

x(t+2∆t)−x(t+∆t)
∆t − x(t+∆t)−x(t)

∆t
∆t

. (1.16)

This simplifies to
d2x

dt2 = lim
∆t→0

x(t + 2∆t)− 2x(t + ∆t) + x(t)
∆t2 . (1.17)

Taking one step back in time, removing one ∆t, we get

d2x

dt2 = lim
∆t→0

x(t + ∆t)− 2x(t) + x(t−∆t)
∆t2 . (1.18)

Then the derivative can be approximated:

d2x

dt2 ≈
x(t + ∆t)− 2x(t) + x(t−∆t)

∆t2 = −g, (1.19)

where approximation becomes more accurate as ∆t becomes smaller. Rearranging the
equation, we get the update rule:

xnext = 2xcurrent − xprevious − g∆t2. (1.20)

Knowing the initial position x(0) and velocity v(0) (which gives x(−∆t)), we can itera-
tively compute the position of the ball at any time step t. The programme would look
like this:
# Initial conditions
x0 = 10.0 # initial position [m]
v0 = 10.0 # initial velocity [m/s]

# Constants
g = 9.81 # gravity [m/s^2]
T = 1.0 # total time [s]

# Discretisation
dt = 0.01 # time step [s]

# Initialising variables
xs = []
x_previous = x0 - v0 * dt
x_current = x0

# Time - stepping loop
for t in range (0, int(T / dt)):

x_next = 2 * x_current - x_previous - g * dt * dt
xs. append ( x_next )
x_previous = x_current
x_current = x_next

The solution accuracy will depend on the time step ∆t, smaller it is more accurate the
solution is, but also more time steps are needed to reach the same desired time t, thus,
the longer it takes to compute.
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🔥

Figure 1.1: Illustrative example: Discretisation of the 1D spatial domain (a rod) into a
mesh with grid points. The solution values are computed at the grid points.

However, for this very simple example, there is an analytical solution:

d2x

dt2 = a(t) = −g

dx

dt
= v(t) =

∫︂
(−g)dt = −gt + v0

x(t) =
∫︂

(−gt + v0)dt = −1
2gt2 + v0t + x0

x(t) = −1
2gt2 + v0t + x0

(1.21)

It is easy to compute, and it does not require any iteration. But for complex systems
integrals are intractable and analytical solutions are not available.

The described numerical method is called finite difference method, and the equation
is an Ordinary Differential Equation (ODE), as it depends on a single variable, time t.

When the system is described by functions of multiple variables, Partial Differential
Equations (PDE) are used. For example, the heat transfer equation depends on time and
space, u(x, t) is a temperature value of interest in space-time domain, and the equation
is:

∂u

∂t
= α

∂2u

∂x2 , (1.22)

where α is the thermal diffusivity constant. We use ∂ to denote partial derivatives, as
the function depends on multiple variables, opposed to d for total derivatives. As in the
previous example, the solution will depend on some initial state of the system, which now
are defined over the spatial domain and time interval. For example, let the spatial domain
be a metal rod of length L, i.e., x ∈ [0, L], where the ends are insulated (meaning no heat
goes through them), and there was a heating element at 100C◦ in the centre of the rod,
which was turned off at the start of the simulation. These conditions, boundary (BC)
and initial (IC), can be written as functions. What we want is to find the temperature
distribution across the rod during the next T seconds.

The numerical solving method is similar to the previous one, but now we need to
discretise both time and space. The spatial domain is discretised into a mesh. Mesh
is a collection of discrete cells, described by vertices, edges, and faces, which represent
a larger continuous spatial domain, often of complex geometry. The simplest mesh is a
regular rectangular grid, where vertices are spaced uniformly in each dimension, thus,
eliminating the need to store the mesh structure explicitly. Further the solution values
are computed at the vertices, i.e., grid points or interval end points. The complexity of
computation depends on number of grid points and time steps, i.e., O(Nx × Nt), where



1.2. DIFFERENTIAL EQUATIONS AND SIMULATIONS 13

Nx is the number of spatial points and Nt is the number of time steps. See Figure 1.1 for
the illustration.

Similarly, the derivatives are approximated using finite differences. The update rule
for the heat equation would look like this:

un+1
i = uni + α∆t

uni+1 − 2uni + uni−1
∆x2 , (1.23)

where uni is the value at spatial point i and time step n, ∆x is the spatial step, and ∆t is
the time step. The programme of a simple explicit finite difference method for the heat
equation would look like this:
# Initial conditions
T_c = 100.0 # initial temperature at the center [C]
T_rod = 0.0 # initial temperature of the rod [C]

# Constants
a = 0.01 # thermal diffusivity [m^2/s]
L = 10.0 # domain length [m]
T = 10.0 # total time [s]

# Discretisation
dx = 0.1
dt = 0.01
# Number of points
nx = int(L / dx) + 1
nt = int(T / dt)

# Initialising the field at t=0
u = [T_rod for _ in range(nx)]
u[int(nx / 2)] = T_c

# Time - stepping loop
for n in range (0, nt):

u_next = u.copy ()
for i in range (1, nx - 1):

u_next [i] = u[i] + a * dt / (dx * dx) \
* (u[i+1] - 2 * u[i] + u[i -1])

u = u_next

For large grids, the computational and memory requirements are significant even for
this simple example. The discretisation parameters have to be chosen fine enough to both
capture the solution dynamics and satisfy the stability conditions. Given large spatial
domain and long time interval, as it often is in real-world applications, the number of grid
points and time steps increase largely, leading to high computational and memory costs,
as well as long runtimes. To make it feasible, the computations can be parallelised over
multiple processes by partitioning the grid, as the update of each grid point only depends
on its neighbours at the previous time step, and by performing synchronisation on the
partition boundaries after each time step. Thus, well-optimised distributed computing
is essential to make running large-scale simulations feasible. As we already mentioned,
high-performance computing (HPC) infrastructures (clusters, supercomputers) have been
created mainly for this exact purpose.

There are other methods as well, e.g., implicit methods, which are more stable to dis-
cretisation parameters but require solving systems of equations (thus more computational
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resources), spectral methods, which are more accurate for smooth solutions but require
more complex implementation and sometimes special domain types.

The aforementioned methods use structured grids to represent the spatial domain
and approximate the derivatives using the grid points. However, more complex domains
require unstructured grids, including triangular and hexagonal, hybrid meshes, with split-
ting, or curvilinear, which can better represent complex geometries but require storing
explicitly neighbourhood relationships and additional computational resources to build a
mesh.

Instead of mesh-based methods, there are particles-based methods, which use a set of
particles to represent the domain and approximate the derivatives. These methods are
more flexible in handling complex geometries and moving boundaries, but they are often
more computationally expensive. For further details we refer the reader to [55].

1.2.2 General PDE Notation and Terminology
Here we establish the general notation and terminology for PDEs used throughout the
thesis, which is mainly adopted from [50] with some adaptations.

We have a function of interest u(x, t) defined on a spatial domain Ux ⊂ Rd, x ∈ Ux,
and time interval [0, T ] for some time horizon T > 0, t ∈ [0, T ]. We further denote
spatio-temporal domain as Ux × [0, T ] =: U ⊂ Rd+1. The spatial point is represented as
x = (x1, x2, . . . , xd). The function u has continuous derivatives up to order k in U , i.e.,
u ∈ Ck(U).

A mapping from a set of functions to another set of functions is called an operator, for
example, differentiation is an operator, which takes a function and returns its derivative
which is also a function. More generally, a k-th order differentiation operator Dk is defined
as:

Dk = ∂|k|

∂xk1
1 ∂xk2

2 . . . ∂xkd
d

, (1.24)

where k = (k1, k2, . . . , kd) is a multi-index with non-negative integers ki and |k| = k1 +
k2 + . . . + kd. Applying such operator to a function u (denoted by square brackets), we
can denote all partial derivatives of order k as Dku:

Dku =
{︂
Dk′ [u]

⃓⃓⃓
∀k′ : |k′| = k

}︂
(1.25)

A PDE is an expression of these derivatives, the function u, its variables x and t,
and parameters λ ∈ Rn, which includes PDE expression coefficients. The number n of
these parameters depends on the problem being addressed. For example, in the heat
transfer example, coefficient α is a parameter that affects the rate of heat diffusion but
does not change the equation’s form. If we want to study how different materials affect
heat diffusion, we can treat α as a parameter and solve the PDE for different values of α.
We introduce parameter vector λ to be able to represent family of PDEs with different
parameter values in a compact form.

We then define a general form of parametric k-th order PDE like this:

F (Dku, Dk−1u, . . . , Du, u, x, t; λ) = 0, (1.26)
for (x, t) ∈ U , where function F is given. This notation is explicit and formal. However,
it is often simplified to a more compact form, which is common in DL literature:

F [u](x, t; λ) = 0, (1.27)
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The equation states that the solution function u must satisfy the relation defined by the
differential operator F at every point in the domain U .

The heat equation from before is an example of an initial-boundary value problem
(IBVP). The problem is defined by the PDE and initial and boundary conditions (IC/BC),
to which the solution is subject to. These conditions are what makes a solution unique.

The BC can be written as:

B[u](x, t; λB) = 0, (x, t) ∈ ∂U , (1.28)

where B is the boundary differential operator, λB ∈ RnB are BC parameters, ∂U is the
boundary of the domain U . In the heat transfer example, the insulated rod ends BC
can be written as ∂u

∂x
= 0 at x = 0 and x = L. The BC parameters λB can include the

positions of the boundaries, e.g., 0 and L. This type of BC is called Neumann BC.
The BC can be of various types. Dirichlet BC specifies the functions values on the

boundary, like u(x, t) = 0. Neumann BC specifies the functions derivative values, like in
the example. Robin BC combines both, like ∂u

∂x
+ u = 0. Periodic BC specifies that the

function values are the same on opposite sides of the boundary, like u(0, t) = u(L, t) for
a 1D domain of length L. Mixed BC uses different types of BC on different parts of the
boundary.

The IC can be written as:

u(x, 0) = g(x; λ0), x ∈ Ux, (1.29)

where g is the initial condition function, and λ0 ∈ Rn0 are IC parameters. In the heat
transfer example, the heating element temperature and position define the IC function g
and its parameters.

Combining all together, the IBVP, defined by (F, B, g; λ, λB, λ0) and domain U is
written as: ⎧⎪⎪⎨⎪⎪⎩

F [u](x, t; λ) = 0, (x, t) ∈ U ,

B[u](x, t; λB) = 0, (x, t) ∈ ∂U ,

u(x, 0) = g(x; λ0), x ∈ Ux.
(1.30)

1.2.3 General Numerical Solving Method Notation and Termi-
nology

Numerical solving methods approximate the solution of the PDE on a discrete set of
points in the spatio-temporal domain.

While there are many numerical solving methods, in this thesis we work with finite
difference methods with structured rectangular grids which solve the PDE sequentially in
time, i.e., autoregressively. We give notations for this specific case.

Discretisation. Let’s assume the spatial domain is a d-dimensional cube of length L
in each dimension, i.e., Ux = [0, L]d. It is discretised into a uniform grid of Nx points in
each dimension, thus, total Nd

x points. The spatial step is ∆x = L
Nx−1 . The time interval

[0, T ] is discretised into Nt steps, where ∆t = T
Nt−1 . Then the spatio-temporal domain is

discretised into a grid of Nd
x ×Nt points. Let discretisation configuration be denoted1 as

h = (∆x, ∆t).
1The letter h comes from the horizontal difference between points that is used in the definition of

differentiation, x + h, but here serves as a general notation for differences in each dimension.
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Figure 1.2: Example of discretisation grid for Nx = 2 grid points per dimensions and
d = 2 spatial dimensions. Blue dots represent grid points where the solution values are
computed, for example uh[1, 1, 0] is the value at spatial point (1 ·∆x, 1 ·∆x) and time step
0.

The numerical solution of u is computed at these grid points, obtaining a tensor
uh ∈ RNd

x ×Nt , where uh[i1, . . . , id, j] is the approximated value of u at spatial point x =
(i1∆x, . . . , id∆x) and time step j∆t.

Normally, we are not interested at specific spatial points, but rather the whole dis-
cretised spatial state at a given time step. We denote an ordered set of all spatial grid
points as X , and the discrete spatial state at time step j as Xj. To ease the notation,
we substitute index j with t, which before was used for continuous time variable. As we
are now in the discrete setting, it does not create confusion, and makes it more readable.
Finally, the solution grid at time step t ∈ {0 : Nt} is:

X t := uh[:, t] = {û(x, t ·∆t) | ∀x ∈ X} (1.31)

The solution trajectory is the sequence of all solution states at each time step, and we
denote it as simply as:

X =
{︂
X0, X1, . . . , XNt

}︂
, (1.32)

and for a subtrajectory, sequence of consecutive steps from t1 to t2, we write X t1:t2 .

Solver. The solver S of the PDE, independent of its method (explicit, implicit, spectral),
is a programme that sequentially advances a discrete state as S(X t) = X t+1 starting from
the initial state X0 defined by g(λ).

Generally, the programme takes as input 2 the PDE configuration (F, B, g; λ, λB, λ0),
the domain configuration (L, T ), and the discretisation configuration h. It then discretises
the domain, initialises the state with IC, and iteratively applies the update rule defined
by the numerical method to compute the next state from the current one, while applying
BC at each step. During the programme run, it yields step-by-step the solution trajectory
X defined by the input configurations. Formally, the solver is a mapping:

S : (F, B, g; λ, λB, λ0, L, T, h) ↦→X. (1.33)
2It depends on the implementation of the solver which inputs are required. Sometimes some configu-

rations are hardcoded, pre-computed and fixed, or omitted. However, any programme can be rewritten
to take all configurations as input, so we use the general form.
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A slightly more generic form that is independent of the mesh type would be:

S : (F, B, g; λ, λB, λ0,G, η) ↦→X, (1.34)

which allows for arbitrary geometry domain G and discretisation η and includes time-
independent PDEs. Further in the thesis, we will often omit some configurations in the
notation for brevity, assuming they are given or fixed within the context.

1.2.4 Scientific Computing Applications
Numerical simulations are widely used in many fields of science and engineering, such
as fluid dynamics, weather prediction, climate modelling, structural analysis, and many
more. Regardless of the application field, the simulations are purposed for various sce-
narios. Here we attempt to list these scenarios. The list is not exhaustive, but rather
illustrative, as we aim to give the reader the idea of diverse usage of numerical simulations
and imposed requirements.

Scenarios of Numerical Simulations Usage.

I. What-If Analysis and Deterministic Prediction
The task is to predict system behaviour across different scenarios and in long-term
forecasts. The goal is to have a better understanding of the system, to explore
possible outcomes across scenario space, identify risks, and validate hypotheses.
Virtual exploration with simulations has lower costs and risks than testing real-world
prototypes. The simulations must maintain reliable accuracy across the scenario
space, and faster runtimes allow for more extensive exploration.
Example: Predicting climate change impacts on different aspects of human life,
such as agriculture and health, depending on the mitigation scenario [160]. Simula-
tions can take days to weeks, depending on the horizon and complexity.

II. System Design Optimisation
The task is to find optimal configurations of the system design before physical fab-
rication or experiments. Compared to the previous task, the system design is not
fixed but its optimum is sought, which is typically done automatically. That means
the number of simulation runs is not predefined but depends on the convergence of
the optimisation algorithm.
Similarly, the simulations are required to be robust but also flexible to system com-
ponents changes (e.g., geometry). Optimisation methods, in order to obtain gra-
dient information, typically rely on either running large numbers of simulations or
on adjoint solvers, which are not always available for complex systems or can take
significant time to develop. Fast and differentiable simulation methods are of great
interest to enable efficient optimisation.
Example: Aerodynamic shape optimisation via adjoint methods [88], which takes
days to weeks and 100-1000 simulation evaluations typical, instead of months to
years and multiple physical prototypes.

III. Probabilistic Forecasting and Uncertainty Quantification (UQ)
The task is to quantify uncertainty and provide probabilistic predictions by running
large ensembles of simulations with perturbed inputs. The goal is to characterise
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Figure 1.3: Example of ensemble forecasting via Global Ensemble Forecast System
(GEFS). The image shows an ensemble of predictions of hurricane Melissa trajectory
from the 31st of October, 2025. Each member represents a possible future scenario, cap-
turing uncertainty in initial conditions. Thanks to https://weathernerds.org for the
provided image.

https://weathernerds.org
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how the uncertainty in inputs propagates through the simulation to produce un-
certainty in outputs. See Figure 1.3 for an example of ensemble forecasting for a
hurricane Melissa trajectory. Faster runtimes are crucial to enable large ensembles
which yield more accurate statistics. Simulations of lower fidelity can be used to
reduce the computational cost, but they must maintain sufficient accuracy to cap-
ture the relevant uncertainty characteristics. In some cases, the simulations must
be completed within a strict time window to be actionable, which further empha-
sises the need for faster solvers. Stochastic PDEs and solvers are often employed to
directly model uncertainty within a single run.
Example: Wind power forecasting [160], weather and environment forecasting. The
number of simulations directly affects the reliability of predictions and estimates and
ranges from hundreds to thousands of simulations.

IV. Parameter Studies and Sensitivity Analysis (SA)
The task is to identify how input parameters influence outputs systematically. While
similar to UQ, the goal is to understand the relationship between inputs and outputs:
determine how variations in each input parameter affect the outputs, rather than
characterising overall uncertainty. The insights identify which parameters to refine
or control to reduce risks or improve performance.
Example: Sensitivity analysis of aerodynamic coefficients in flight simulations
[160]; power grid stability analysis. Depending on the method, from tens to thou-
sands of simulations.

V. Data Assimilation, Inference, and System Identification
The system is observed (fully, partially, or sparsely) while the mathematical model
is not fully known. The goal is to infer/adjust system states or/and model from the
observations. The solvers themselves are not designed to solve inverse problems or
to incorporate observational data, so auxiliary methods are used, which iteratively
call the solver to minimise the mismatch between simulations and observations.
Verification and validation (V&V) procedures ensure models reliability. These tasks
often require running many simulations, sometimes, with varying parameters, initial
and boundary conditions, and domain configurations.
Example: Ocean state estimation via ensemble Kalman filter [51], material param-
eter identification from experiments. Minutes to hours for real-time assimilation;
days for complex parameter inference.

VI. Digital Twins
The simulations can be used to monitor and control system behaviour in real time.
The goal is to make optimal and rapid decisions based on the current system state.
Thus, the simulations are required to run at a very low latency.
Example: Model predictive control of chemical reactors [5], flight control systems,
autonomous robotics. Milliseconds to seconds per control cycle.

Many of these applications require running a large number of simulations, sometimes,
with varying parameters, initial and boundary conditions, and domain configurations.

While examples can be found in many application areas, the most prominent are asso-
ciated with Computational Fluid Dynamics (CFD) [55] – the area of scientific computing
that focuses on the problems involving fluid flows, such as air and water. As fluid flows
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occur in large range of systems of different scales and complexities, CFD is widely used
in numerous fields of science and engineering, such as aerospace, automotive, energy,
environmental science, and many more.

For example, aerospace engineers optimise the design of an aircraft to improve its
aerodynamic performance, preserve safety, reduce fuel consumption, and minimise envi-
ronmental impact. This involves simulating the airflow around an aircraft with a high
resolution, which is governed by the Navier-Stokes equations – a set of nonlinear PDEs
on a complex geometry. Running a single simulation can take hours or even days on a su-
percomputer, depending on the method and fidelity. But to optimise the aircraft design,
many simulations with different parameters and configurations are queried. These can
take weeks or months of compute time, however, it is still significantly faster and cheaper
than building and testing real-life prototypes. To shorten the design cycle and further
reduce the costs and time-to-market, developing faster solvers is of great interest.

In case of such fields as drug-discovery, epidemiology, or climatology, faster simulations
can directly translate into saving human lives. For example [1], the prediction time for the
simulation of typhoon tornadoes, which hit Japan in 2024, was drastically reduced3 from
11 hours to 80 minutes, while using only 5% of Fugaku supercomputer’s resources. This
made the predictions to be practicably applicable: a tornado occurrence can be predicted
four hours in advance and help the government to take necessary actions to protect the
population in time.

Numerical simulations play a crucial role in science and engineering but their high
computational cost often limits their applicability and scalability. A prominent area of
research which aims to mitigate this issue is reduced order and surrogate modelling – it
develops techniques that approximate full mathematical models or simulations with ones
of lower complexity and cost, while maintaining satisfactory accuracy for the task at hand.
This field dates back to the 1970s [140] and is actively researched with many methods
proposed [23].

1.3 Conclusion
In this chapter, we introduced the fundamental concepts of deep learning and scientific
computing and highlighted the advantages and limitations of both fields. The advance of
DL in scale and capabilities has paved the way for its applications in science, particularly in
scientific computing. To address the limitations of numerical solvers, DL-based surrogate
models have been proposed as a promising solution. The next chapter delves into the
concept of deep surrogate models, discussing their motivations, state-of-the-art methods,
and challenges.

3This example is, in fact, a spoiler into the next chapter, as the simulation time was reduced thanks
to the use of DL.



Chapter 2

Deep Learning for Simulations

Numerical simulations are an essential tool in engineering and science for analysing, de-
signing, and predicting complex systems, yet their applicability is often hindered by high
computational costs, arising from both computationally intensive single forward runs and
the need for auxiliary methods and large ensemble runs in scenarios like inverse problems,
uncertainty quantification, and optimisation.

With the advances of deep learning (DL) and its success in domains of computer
vision and natural language processing, the research community actively explores DL
as an alternative approach to surrogate modelling in scientific computing applications.
This research direction falls under the broad umbrella of AI for Science (AI4Science)
and Scientific Machine Learning (SciML) communities, which has grown rapidly in recent
years, as demonstrated by recurring Ai4Science workshop1 at major AI conferences and
a number of dedicated surveys on SciML perspectives [120, 234, 161].

Motivation for DL adoption in scientific computing is two-fold: from the technical point
of view, DL leverages hardware accelerators, i.e., GPUs and TPUs, distributed comput-
ing, optimised hardware, software and techniques, e.g., automatic differentiation; from the
methodological point of view, DL research community has developed numerous advanced
algorithms that work efficiently with high-dimensional data, learn complex patterns from
data, offer flexible designs, and generalise robustly across tasks. This established work
can be reused and adapted for scientific computing problems, translating into (1) accel-
erating forward solver runs via DL-based surrogates, and (2) extending traditional solver
workflows via DL-based surrogates that handle complex tasks beyond forward simulations.

In this chapter, we review the existing works on DL-based surrogate models for PDE
simulations, discuss their advantages and limitations. It is organised as follows:

• Section 2.1 examines two perspectives on DL-based surrogates;
• Section 2.2 presents the methodological design space of DL-based surrogate models;
• Section 2.3 surveys the state-of-the-art DL-based surrogate models;
• Section 2.4 discusses training efficiency limitation arising from relying on synthetic

data generation.

We conclude the chapter by summarising the key findings and identifying open challenges
for surrogate modelling with DL.

1https://ai4sciencecommunity.github.io
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2.1 Roles of Deep Learning in Surrogate Modelling
To address the computational cost limitations of numerical PDE solvers, DL-based sur-
rogate models have been proposed as a promising alternative [231, 210].

A DL-based surrogate model for PDEs is a neural network (NN) designed to approx-
imate the solution function of a given system, acting as a (possibly) computationally
efficient alternative to traditional numerical solvers. In contrast to typical NNs in vision
or language tasks that learn from real-world data, i.e., observational data, a surrogate can
be trained using simulations generated by numerical solvers, i.e., (numerically2) synthetic
data.

These models are often called simply deep surrogates, and neural emulators or neural
surrogates also appear in the literature. In this thesis we discuss only DL-based surrogate
models, so we often refer to them in the text as just surrogates for brevity.

We propose viewing deep surrogates from two perspectives based on their functional
role in relation to traditional numerical solvers: (1) solver surrogates, which directly
accelerate expensive forward solver runs by replacing them fully or partially; and (2)
extended surrogates, whose capabilities enable addressing tasks like inverse problems or
uncertainty quantification that are usually achieved by combining forward solvers with
auxiliary methods. We elaborate on these in the following subsections.

2.1.1 Solver Surrogates: Faster Forward Inference
Once trained to a required accuracy, the surrogate predicts the solution orders of mag-
nitude faster than the numerical solver, especially when leveraging modern hardware
accelerators like GPUs or TPUs. In application scenarios with ensembles of simulations,
where multiple forward simulations with varying parameters are required, surrogates can
provide significant speed-ups while maintaining reliable accuracy.

The acceleration from surrogates can be achieved in various ways, depending on the
application and design choices.

Often the speed is traded off with accuracy. In parameter space exploration and
experimental design, lower accuracy can be tolerated, and the surrogate can be used to
only provide guesses for promising values of interest, which then can be explored in more
detail using the accurate but expensive numerical solver.

To accelerate the solver by replacing it completely, however, the accuracy of the surro-
gate must match the numerical solver, which may be achievable given sufficient training
data and model capacity. In weather forecasting, where geometry, physics, and param-
eters are fixed, both observational and synthetic historical data are readily available to
train high-quality surrogates. The synthetic data is produced by solvers that are cali-
brated from various observational measurements. In such scenarios, the numerical solver
may be replaced completely by the surrogate, leading to real-time predictions [25]. The
speed-up is attributed to both the ability of NNs to learn complex mappings accurately
and the efficiency of NNs on modern hardware.

2The term “synthetic” may refer to data created without deterministic forward models, for example, in
social sciences, synthetic data emulates empirical patterns from real datasets via generative and statistical
models [92]. Here, we specifically refer to data generated by numerical solvers and omit the “numerical”
qualifier for brevity as it is clear from the context.
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Replacing the solver completely is not always necessary, and for complex systems
requiring high accuracy and resolution, it may not be feasible. Instead, surrogates can be
used to assist the numerical solver in various ways, leading to hybrid approaches, where the
solver and surrogate are combined and decrease the overall runtime and errors [218, 232].
For example, in multiscale phenomena, where different scales of the system are modelled,
solvers typically struggle to capture all the scales accurately and efficiently. Surrogates
can be used to model the small-scale phenomena, while the solver handles the large-scale
dynamics [39, 227]. Surrogates can be used to accelerate only certain components of the
solver that are specifically expensive [49].

The speed-up can be achieved through NNs’ flexible design that allows them to predict
the solution with fewer steps compared to traditional numerical solvers. Instead of solving
the equations in an autoregressive manner, i.e. predicting the next time step based on
the previous one, step by step, the surrogate can be designed to predict the solution at a
desired time step directly from the initial conditions. This is often referred to as one-shot
or direct prediction. This approach does not require creating all the intermediate steps,
which can lower the error accumulation and decrease the computational time. In such
scenarios where the steady state solution is of interest, intermediate and transient states
can be skipped, making direct surrogates particularly interesting.

Finally, surrogates can offer resolution independence, mesh-free representations that
avoid explicit mesh discretisation, and easier handling of complex or varying geometries
– issues where numerical solvers may often struggle, incurring higher computational costs
and requiring tuning and configuration by domain experts [112, 233].

2.1.2 Extended Surrogates: Beyond Forward Inference
DL models can be used to address the limitations of numerical solvers in terms of flexibility
and applicability to certain tasks. Their design can be adapted to the specific objectives,
enabling capabilities that go beyond what numerical solvers can achieve.

Tasks that such surrogates can address beyond forward inference include:

• Inverse problems, i.e., discovering system parameters or physics laws from obser-
vations, where surrogates can be designed to be invertible [38, 42, 93].

• Uncertainty quantification, i.e., estimating the uncertainty of the solution ap-
proximation, where surrogates can be designed to provide probabilistic outputs or
uncertainty estimates [107, 142, 131, 197].

• Data assimilation, i.e., incorporating observational data to update and correct
model states during simulation, where surrogates benefit from being inherently data-
driven and can effectively handle sparse, noisy, or limited observational data [176,
210, 141, 228].

• Optimisation, i.e., finding optimal designs or control strategies, where surrogates
can be designed to be differentiable and integrated into gradient-based optimisation
loops [181].

• Generalisation over varying parameters and physics, where surrogates can be de-
signed to learn mappings that generalise across different scenarios and enable trans-
fer learning techniques [247, 9].
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Overall, these illustrate how deep surrogates evolve from computational accelerators
that simply mimic numerical solvers to versatile frameworks addressing complex scien-
tific tasks. By providing unified approaches to inverse problems, uncertainty quantifica-
tion, data assimilation, and optimisation – tasks that would traditionally require multiple
specialised methods – DL-based surrogates offer improved computational efficiency and
flexibility. This versatility is likely to continue growing as DL techniques advance and
integrate further with scientific computing.

While this thesis focuses on surrogates for forward inference acceleration, the methods
and the challenges, in particular those related to training efficiency, are relevant to both
perspectives. In the next section, we present the basic concepts of surrogate models,
current state-of-the-art methods, and their limitations.

2.2 Deep Surrogates Methodology
A deep surrogate is an NN fθ that approximates the solution function of a given PDE
system provided through a numerical solver S. As previously defined in Subsection 1.2.3, a
solver S produces a solution trajectory X for a given configuration (F, B, g; λ, λB, λ0,G, η)
– a set of governing equations, their parameters, a geometry domain, and a discretisation
scheme. Within its design capabilities, the solver is able to obtain solutions for any
valid configuration of the system, subject to variation in approximation accuracy and
computational cost.

The surrogate can be designed to obtain solutions for a fixed configuration or to gen-
eralise over a range of configurations, depending on the application and the surrogate’s
role. For example, in earth system modelling, the equations and geometry are typically
fixed, but the IC/BCs and parameters may vary. One might design a surrogate to gener-
alise over different IC/BCs and parameters for the fixed equations and geometry, either
through training on multiple simulations or by learning temporal dynamics from a single
trajectory (e.g., weather models trained on ERA5 reanalysis [117]). When multi-resolution
simulations are required, the surrogate can be designed to generalise over different spa-
tial and temporal scales [71]. The NN’s objective, architecture, and training data should
be chosen accordingly to enable the desired generalisation capabilities, which we call be-
haviour design. Ashton et al., 2025 [13, Section 3] discusses the axes of generalisation for
CFD modelling surrogates, highlighting the scale of conditional space for a surrogate to
generalise over and the challenges associated with it.

In this thesis, we mainly consider surrogates that generalise over varying IC parame-
ters because today this is the most common design in practice, and it is a fundamental
step towards more complex generalisation capabilities. This behaviour design can be
formulated as:

fθ(xi) ≈ S(xi), ∀λ0i ∈ Λ0, (2.1)
where xi denotes an arbitrary NN’s input associated with the IC parameters λ0i, and
Λ0 ⊂ Rn0 is the range of IC parameter values to generalise over.

Hereafter, this design is considered by default, unless specified otherwise. For brevity,
we drop the subscript 0 and denote IC parameters as λ ∈ Λ⊂ Rnp .
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2.2.1 Methods Categorisation
Two independent axes distinguish surrogate methodologies: the optimisation approach
(when discretisation occurs) and the physics-data duality (which information sources drive
learning).

Optimisation approach. There are two main approaches for training optimisation:
discretise-then-optimise and optimise-then-discretise.

To obtain approximate simulations with surrogates, we can first discretise the solution
space, and then train a NN on these discrete solutions, which yields discrete space models.
Discrete space models operate on discretised representations of the solution, learning
mappings between grid-based states using standard neural network architectures.

Alternatively, we can first train a NN to learn the solution mapping in a continu-
ous space, and then obtain discretised solutions, which yields continuous space models.
Continuous space models learn solution mappings in continuous space, enabling solution
approximation at any point in the domain without being tied to a specific discretisation.

Physics-Data duality. Surrogates can leverage two types of information during train-
ing: solution data from simulations or observations, and explicit physics knowledge such
as governing equations or conservation laws. The relative availability of these resources –
ranging from data-abundant/physics-poor to physics-rich/data-scarce to balanced hybrid
settings – motivates three approaches.

Data-driven surrogates learn exclusively from solution samples, treating the surrogate
problem as standard supervised learning. The training objective minimises prediction
error on observed solution states without explicit knowledge of the underlying equations.

Physics-informed surrogates incorporate physical constraints explicitly into the learn-
ing process. Physics knowledge is embedded through additional loss terms (e.g., PDE
residuals), architectural constraints (e.g., symmetry-preserving layers), or data augmen-
tation strategies (e.g., conservation-law enforcement).

Hybrid surrogates combine both, enabling adaptation to varying data availability:
data-rich scenarios rely on observations, while data-scarce scenarios exploit physics knowl-
edge more heavily.

2.2.2 Handling Temporal Dimension
For time-dependent PDEs, there are two aspects of surrogate design related to the tem-
poral dimension: how to predict the solution trajectory over time and how to train the
surrogate with respect to time.

Prediction Strategies

A surrogate can be designed to predict solution trajectory states in autoregressive or direct
manner.

Autoregressive surrogates predict the states step-by-step using the previous state as
input, similar to traditional numerical solvers, like:

fθ(X t) ≈X t+1. (2.2)
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To obtain the solution trajectory over multiple time steps, typically, the surrogate is
applied recursively, using previous predictions as inputs for the next ones, like:{︂

X0, fθ(X0), f
(2)
θ (X0), . . . , f

(Nt)
θ (X0)

}︂
, (2.3)

where f
(k)
θ denotes k sequential applications of the NN model.

Direct surrogates predict the state of the system at a future time directly from an
initial state, like:

fθ(X0, t′) ≈X t′ , (2.4)
where t′ is the time interval to predict ahead, which can be expressed as a discrete value
(number of time steps) or a continuous value (time duration). This approach is typically
used when the interest is in the steady state solution or specific future time steps.

Beyond these two main approaches, several alternative prediction schemes have been
proposed. Instead of predicting the state itself, Lippe et al., 2023 [132] proposed to predict
the difference between the states, like:

fθ(X t, ∆t) ≈X t+∆t −X t. (2.5)

This residual learning approach improves stability in autoregressive rollouts and enables
iterative refinement of predictions, though at the cost of requiring multiple forward passes
for refinement. As a generalisation of both autoregressive and direct approaches, Herde
et al., 2024 [75] proposed an all-to-all approach, where the surrogate is trained to predict
from any time step t to any other time step t + t′ within a given range, like:

fθ(X t, t′) ≈X t+t′ , (2.6)

which enables flexible temporal predictions at arbitrary time intervals, at the cost of
significantly increased training time as the model must learn mappings across all possible
time step combinations. To reduce computational cost from the recursive application of
the model, Diab and Al Kobaisi, 2025 [43] proposed an approach, where the surrogate
predicts multiple future time steps in a single forward pass, but it comes with a trade-off
in terms of accuracy.

Training Strategies

From the optimisation perspective, there are two main approaches to calculate the pre-
diction loss and to perform backpropagation in respect to time steps.

The first is a one-step (or one-to-one) manner [217], when the NN’s loss is backprop-
agated only through a single prediction, like:

ℓ(fθ(X t), S(X t)), (2.7)

where X t is arbitrary NN’s input associated with a time step t, and S(X t) is the corre-
sponding solver reference.

The second is an unrolled (or multistep) manner [219, 237], when the NN’s loss is
backpropagated through multiple sequential predictions, like:

K∑︂
k=1

ℓ(fkθ (X t), Sk(X t)). (2.8)
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This approach enables the surrogate to learn long-term dynamics and to mitigate error
accumulation over time, but it is computationally expensive due to the need to backprop-
agate through multiple time steps. Alternatively, Brandstetter et al., 2023 [29] proposed
a “push-forward trick” approach as a compromise: the model autoregressively rolls out
predictions for K time steps, but gradients are backpropagated only through the last pre-
diction step K, reducing computational cost while still training on long-term dynamics.
Unrolled loss is often used solely for validation, while one-step loss is used for training,
as to evaluate the long-term performance of the surrogate without incurring the high
computational cost of unrolled training.

Koehler et al., 2024 [108] introduces a novel taxonomy based on unrolling steps during
training and the solver reference length, which unifies these schemes, like:

K−B∑︂
k=0

B∑︂
b=1

ℓ(fk+b
θ (X t), Sb(fkθ (X t))), (2.9)

where K is the number of unrolling steps and B is the solver reference length. Then
the one-step manner corresponds to K = B = 1 and unrolled manner to K = B > 1.
Additionally, a case of diverted chain learning is distinguished, with any K and B = 1,
where the model is unrolled for K steps, but the loss is always calculated with respect to
a one-step solver reference. This configuration requires the solver to be available during
training and differentiable, as the solver is called within the computational graph to
generate one-step references from the surrogate’s intermediate predictions, through which
gradients must flow during backpropagation.

We will denote training samples consisting of multiple trajectory steps as X [t], where
the superscript [t] indicates that the sample starts with a state from time step t. For
example, in a two-step training setup:

X [t] = (X t, X t+1, X t+2). (2.10)

2.3 State-of-the-Art Deep Surrogates
Early works on deep surrogates for numerical simulations adapted backbone architec-
tures from broad DL. For example, Rasp et al., 2018 [179] used fully-connected NNs and
de Bezenac et al., 2018 [41] employed CNNs for climate tasks, while [100, 214] utilised
CNNs for fluid simulations in context of computer graphics. Standard architectures like
UNet [248] and ResNet [74] remain widely used as baselines [108], as PDE solution fields on
regular grids share structural similarities with images, enabling convolutional architectures
from computer vision to achieve strong performance. These approaches are data-driven,
learning directly from simulation data.

In contrast, methods specific to SciML have emerged that leverage the underlying
physics and mathematical structure of PDEs more explicitly. These can be categorised
into two paradigms: physics-informed surrogates that embed physical laws directly into
the learning process, enabling training with limited or no solution data; and operator
learning approaches that learn mappings between function spaces from simulation data,
enabling discretization-invariant predictions and generalisation across parameter fami-
lies. In this section, we provide an overview of the two foundational approaches for each
paradigm: physics-informed neural networks (PINNs) and neural operators (NOs), which
have inspired a wide range of subsequent innovations in surrogate modelling for PDEs.
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Collocation point
Data (IC/BC) point

Figure 2.1: Spatio-temporal domain and solution for Burgers equation with initial and
boundary data points (black crosses) and collocation points (red crosses). Adapted from
Raissi et al., 2019 [176].

2.3.1 Physics-Informed NNs
PINNs were proposed by Raissi et al., 2019 [176] as an alternative to surrogates that learn
from discrete solution state data. These aim to learn continuous point-wise solutions of
a PDE directly by embedding the governing equations into the NN objective function.

Consider a general PDE problem as defined in Eq. (1.27). The unknown solution
function u(x, t) is approximated by a NN fθ(x, t) with parameters θ. The PDE residual
is defined as:

rθ(x, t) := F [fθ; x, t], (2.11)
where partial derivatives for the NN in the right-hand side are calculated via automatic
differentiation [21], allowing the residual to be evaluated at any point in the spatio-
temporal domain.

The core optimisation objective minimises the residual loss, which enforces the NN to
satisfy the governing equations at collocation points {(xi

f , tif )}
Nf

i=1 sampled in the spatio-
temporal domain:

Lr(θ) = 1
Nf

Nf∑︂
i=1

ℓ(rθ(xi
f , tif )), (2.12)

where ℓ(·) is a loss function.
To enforce known solution values, a data loss term is added, which can incorporate

IC/BCs when specified as in Eq. (1.30) and additional measurements from observations
or simulations when these are available, like:

Lu(θ) = 1
Nu

Nu∑︂
i=1

ℓ(fθ(xi
u, tiu)− ui), (2.13)

where {(xi
u, tiu, ui)}Nu

i=1 are data points with known solution values. We provide an illustra-
tive example adapted from [176] in Figure 2.1, which shows the spatio-temporal domain
with collocation and IC/BC data points.

The overall loss function then becomes:

L(θ) = Lr(θ) + Lu(θ). (2.14)

This formulation makes PINNs a flexible framework: they can rely solely on govern-
ing equations (including IC/BCs), making them data-free surrogates, or can optionally
incorporate available data, turning them into hybrid physics-data surrogates.
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For a comprehensive review of PINNs, we refer the reader to Toscano et al., 2024
[216], which provides an overview of recent advances, including the latest algorithmic de-
velopments, applications, theoretical advances, computational frameworks and software.
In particular, we highlight the chronological overview of key advancements presented in
the paper’s Appendix A.

Limitations. PINNs are challenging to train mainly due to the multi-objective nature of
the optimisation problem, leading to failure modes and information bottlenecks [113, 10].
Extensive research has addressed these training difficulties [225, 226, 180], demonstrating
that while PINNs are a powerful tool in SciML, they pose significant challenges in terms
of training stability, convergence, and accuracy. Various optimisation methods have been
proposed to address these issues, including natural gradient approaches such as ANa-
GRAM [188, 189] and energy natural gradients [156], conflict-free gradient methods [134],
and meta-learned optimisation strategies [27]. A survey by Torres et al., 2025 [215] identi-
fies transfer learning and meta-learning as promising directions to improve PINN training
efficiency and generalisation capabilities.

Alternatively, active learning approaches can be used to guide the sampling of collo-
cation points to improve training efficiency and convergence [235]. We detail related work
in Section 4.4 and present our contribution for active learning of PINNs in Chapter 5.

2.3.2 Neural Operators
The Neural Operator (NO) learning framework was established by Kovachki et al., 2021
[112], with the earliest proposed operator-learning architecture being DeepONet by Lu
et al., 2021 [136].

NOs are designed to learn solution operators that map between infinite-dimensional
function spaces. This enables prediction at any point in the solution domain, making
NOs discretisation-invariant. This allows a trained model to perform inference on dif-
ferent mesh resolutions without retraining, unlike grid-based CNNs where architecture
dimensions are fixed to specific discretisations.

The key capability of NOs is that they take functions as inputs and outputs, allowing
them to generalise over a family of PDEs and act as universal operator approximators.
In practice, input and output functions are represented through discretised samples from
high-fidelity simulations, making NOs data-driven surrogate models.

We omit mathematical details of NOs here for brevity and refer to Kovachki et al., 2021
[112] for comprehensive details; instead, we provide just the general idea of the architec-
ture. The approach consists of three main components: (1) Lifting: input functions are
mapped point-wise to a latent representation; (2) Iterative kernel integration: hidden rep-
resentations are recurrently updated through multiple layers of non-local integral kernel
operators; and (3) Projection: the final hidden representation is mapped point-wise to
the output function.

The intuition behind this architecture is as follows: the lifting step expands the data
into a richer space where non-locality – how points in one location are affected by distant
ones – is easier to learn; the integral kernel operators then capture these long-range
dependencies by computing weighted combinations of information from across the entire
spatial domain; and projection maps back to the output function space.
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NOs have become a foundation for extensive architectural innovations spanning rep-
resentations and backbone designs. FNO [127] leverages Fourier space parametrisation of
integral kernels for computational efficiency, while spectral methods [52] utilise frequency-
domain representations of functions and operators, enabling accurate and efficient oper-
ator learning. Alternative operator formulations [190, 19] aim to reduce discretisation
constraints through coordinate-based and representation-equivalent frameworks. Archi-
tectural variants include convolutional operators [178] for structured grids, U-shaped ar-
chitectures [174] for multi-resolution processing, and state-space models [84, 83] for effi-
cient long-range dependencies. Many recent architectures build upon these foundational
extensions. We refer the reader to Azizzadenesheli et al., 2024 [14]3 for a comprehensive
overview of the main advances in NO architectures and applications.

Unlike standard PINNs, which learn solutions for specific PDE configurations and
require retraining for new parameters, NOs learn operators that generalise across instances
of the same PDE with varying inputs or parameters. This makes PINNs suitable for
sparse data and inverse problems, while NOs excel at many-query scenarios once trained
on sufficient input variations. However, the main challenge for NOs and other data-
driven surrogates training is the substantial cost of generating training data, as many
high-fidelity simulations across the parameter space are required for high accuracy and
generalisation.

2.3.3 Recent Advances
Surrogate modelling has advanced rapidly, with innovations addressing key challenges in
generalisation, data efficiency, and computational scalability. Recent methods increas-
ingly adopt state-of-the-art architectures from vision and language, while introducing
approaches tailored to the unique challenges of learning PDE solution mappings. We
highlight recent advances across three directions that shape the current research frontier:
handling complex geometries, scaling across problems, and reducing data requirements.

Handling complex geometries. Early surrogates relied on regular grids, limiting ap-
plicability to the complex domains common in real-world applications, whereas graph-
based architectures enable learning on unstructured meshes. GNS [185] introduces the
encode–process–decode paradigm for particle-based graphs, GNO [126] employs graph-
based integral kernel operators, and MP-PDE [29] utilises neural message passing to
generalise across resolutions, geometries, and boundary conditions on regular and irregu-
lar grids. Building on this, other approaches propose to embed geometric properties more
explicitly. GeoFNO [128] learns a deformation from irregular domains to a regular latent
grid for Fourier-based processing, RIGNO [155] constructs multi-scale regional meshes to
achieve approximate resolution invariance, and CALM-PDE [72] learns adaptive query
points and applies continuous convolutions for flexible geometry handling. Further ar-
chitectures combine graph and Fourier operators with explicit geometry encodings and
transformers for large-scale 3D problems [129, 233].

AB-UPT [9] introduces branched transformer with anchor attention, enabling sur-
rogate modelling of industry-scale problems; specifically, it achieves industry-standard
predictive accuracy for automotive CFD simulations with up to 150 million cells and

3The ICML 2024 tutorial on NOs (video and slides): https://icml.cc/virtual/2024/tutorial/
35235

https://icml.cc/virtual/2024/tutorial/35235
https://icml.cc/virtual/2024/tutorial/35235
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Figure 2.2: Examples of 3D research-frontier level simulations predicted by Walrus (bot-
tom) compared to solver reference (top). From McCabe et al., 2025 [145].

inference time within seconds. Such applications, however, require training data
spanning diverse geometries and parameters, whose configuration space grows rapidly
with geometric complexity.

Scaling across problems. Foundation models aim to generalise across PDEs through
pretraining on diverse simulation datasets and improved transformer-based architectures.
Early work [144] demonstrates improved transfer accuracy on downstream tasks by learn-
ing shared representations from multiple physics domains, which capture broadly use-
ful dynamics. Further architectural innovations enable efficient scaling: Poseidon [75]
employs multiscale operators with time conditioning for flexible temporal predictions,
AROMA [191] employs local neural fields for efficient spatial representation, PDETrans-
former [82] handles multiple physics via channel-wise self-attention, and P3D [81] uses
hybrid CNN-Transformer design targeting 3D problems efficiently.

Walrus [145] achieves exceptional breadth through harmonic stabilization, compute-
adaptive tokenization, and pretraining on millions of trajectories, enabling generalisa-
tion across 19 continuum dynamics scenarios spanning astrophysics, geoscience,
rheology, plasma physics, acoustics, and classical fluids, in both 2D and 3D (Figure 2.2).

Reducing data requirements. Various methodological advances have been proposed
to improve the data-efficiency and generalisation of data-driven surrogates. Hybrid meth-
ods leverage physics knowledge for improved generalisation with limited data: PIDeep-
ONet [67] incorporates PDE residuals into DeepONet, while PINO [130] embeds physics
constraints into Fourier operators, mitigating reliance on solution data for training. Con-
text-learning approaches [103, 192, 37] enable adaptation to unseen dynamics without
retraining, while evolution operators [154] handle partial trajectories. Physics-guided
conditioning [205, 111] and function-attention mechanisms [175] further enhance general-
isation across families of parameters and input conditions.
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Beyond modifying the learning paradigm, multi-fidelity approaches leverage cheaper
simulations. Tang et al., 2024 [208] achieve 81% reduction in data generation costs
with multi-fidelity FNO for geological carbon storage. Multi-fidelity DeepONet [138]
reduces error by one order of magnitude when combining multiple fidelities versus high-
fidelity data alone.

Community infrastructure. Frameworks and benchmarks enable standardised devel-
opment and evaluation of surrogates: DeepXDE [137], PhysicsNeMo [4], and SciML [172,
173] facilitate implementation and training; benchmarks like PDEBench [206], APEBench
[108], and Flowbench [207] provide diverse datasets, solver references, and evaluation pro-
tocols for rigorous comparison. The Well [162] exemplifies this community-building effort:
15TB across 16 datasets (6.9GB to 5.1TB each) spanning diverse physics domains,
showcasing large-scale resource sharing for training and evaluating foundation surrogates.

2.4 Synthetic Data Bottleneck
The advances presented demonstrate the field’s impressive capabilities – fast inference
speed, high predictive accuracy, and generalisation across varying configurations – but
also reveal increasing data requirements.

This thesis addresses the training efficiency challenge, which arises from a fundamen-
tal paradigm shift in data availability: from pre-collected, static datasets to on-demand,
simulation-generated data. Unlike observation-based tasks, synthetic data is controllable
yet computationally expensive to produce, which means that standard practices treating
the dataset as fixed and focusing solely on model improvements become insufficient. Inef-
ficiencies in I/O, storage, and compute arise from two key aspects of this data paradigm:
large data scale and complex input parameter spaces.

2.4.1 Large Data Scale
Scientific computing problems often involve high-dimensional spatio-temporal domains
(2D/3D/4D), high-resolution grids (>1M points), multiple channels for different phys-
ical quantities, multiscale and multiphysics phenomena, complex geometries, and long
trajectories. Compared to typical vision/language tasks, these characteristics lead to
significantly larger data samples that are expensive to generate, store, and train with.

As an illustrative4 example, consider a 3D flow simulation over a 2563 grid with 5
physical quantities (velocity components, pressure, temperature) over 100 time steps. A
single trajectory would require storing 256×256×256×5×100 ≈ 8.4×109 floating-point
numbers, which is approximately 32 GB of data in single precision. Storing a dataset of
just 1000 such trajectories would require around 32 TB of storage. Generating a single
trajectory using a high-fidelity solver can take hours or days on HPC clusters, leading to
significant computational costs. In addition, writing high-fidelity simulation data to disk
slows down the data generation process due to I/O bottlenecks. Training deep learning
models on such large datasets also demands substantial computational resources and time,
often requiring distributed training across multiple GPUs. Additionally, as the dataset
does not fit into memory, it necessitates efficient data loading and I/O strategies to avoid
bottlenecks during training.

4We note that in industry-standard applications, the simulations are often run at much larger scales.
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The scale of the individual samples alone is challenging. Moreover, the number of sam-
ples needed to achieve good generalisation typically increases with the data complexity,
which further exacerbates the storage, I/O, and compute challenges.

2.4.2 Complex Input Parameters Space
To achieve reliable generalisation, the training data must be representative of the un-
derlying problem, i.e., it should represent the full range of dynamics and scenarios that
the model is expected to predict. This requires creating large datasets that span a high-
dimensional continuous input parameters space with complex input-output relations to
the resulting simulations.

For example, the behaviour design in equation (2.1) requires generating data over a
range of IC parameters Λ. We choose a prior distribution over the IC parameters p(λ)
that has support over Λ and create data accordingly. The resulting joint distribution is
then:

pdata(X, λ) = pS(X|λ) p(λ), (2.15)
where pS(X|λ) is the intractable likelihood of the data given the IC parameters, which
is implicitly defined by the black-box solver S. We cannot access it explicitly, but we
can sample from it by running the solver with given IC parameters λi ∼ p(λ) to get the
corresponding trajectory Xi ∼ pS(X|λ).

Marginalising over the parameter distribution gives the distribution of training trajec-
tories:

pdata(X) =
∫︂

Λ
pS(X|λ) p(λ) dλ. (2.16)

In practice, we get samples from this distribution via the data generation process, for
selected λ ∼ p(λ).

The prior p(λ) gives the ability to control data generation. However, choosing a
suitable prior is challenging. Without any knowledge about the “right” prior, the choice
has to be objective [90]. A common choice is a uniform distribution, which corresponds
to creating data samples that cover the input parameters space Λ as evenly as possible.
However, this choice does not guarantee optimality in terms of dataset diversity and
representation of complex dynamics. In practice, uniform priors often oversample regions
inducing trivial dynamics (e.g., near-equilibrium states) while undersampling regions with
rich, informative behaviour.

For the rod heat transfer example (see 1.2.1), the IC parameters could define two
temperatures: the initial temperature everywhere along the rod and the initial heat in
the centre of the rod. A uniform prior over these two parameters may lead to many
samples where these temperatures are very similar, leading to trajectories with minimal
temperature changes over time. These samples have limited utility and waste both storage
and computational resources.

In this example we can intuitively reason about which samples would have more value
and design a better prior accordingly. In systems with more complex and nonlinear
dynamics, however, it is less straightforward. As the utility of a sample cannot be assessed
a priori, i.e., before creating training set and performing the training with it, the uniform
prior remains the default choice in practice. With increasing dimensionality of the input
parameters space, the challenge of representative sampling becomes more acute due to
the curse of dimensionality.
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2.4.3 Mitigating the Bottleneck
In practice, common solutions to the data bottleneck are straightforward: increasing
resource budgets, reducing data scale through resolution downsampling, or training on
smaller datasets. Other works focus on model improvements to achieve better data effi-
ciency, without tackling data generation or I/O constraints directly. Yet these challenges
are not inherent limitations of DL-based surrogate modelling – they are consequences
of treating data as fixed, as in observation-based tasks that dominate broader DL. Ap-
proached from a data-centric perspective, they become opportunities.

Synthetic data is a unique aspect of surrogate modelling that distinguishes it from
broader DL tasks, as we can directly participate in the data generation process.
In principle, this ability enables unlimited on-demand data creation. In practice, it is
constrained by storage, I/O, and compute costs. Ashton et al., 2025 [13] discusses the data
generation bottleneck within the context of foundation surrogates for CFD, introducing
scaling laws to quantify it.

Online training is a promising solution to alleviate the storage and I/O bottleneck
by coupling data generation with the training process, effectively eliminating the need
for storing and reading large datasets. It transforms the training of surrogates from a
storage-bound to a compute-bound process, enabling the use of larger datasets.

Active learning mitigates the compute bound by selecting the high-utility samples
for training, thus reducing the number of samples needed to achieve the desired generali-
sation.

Moreover, online training is a natural setting for active sampling within the continuous
input parameter space, as data is generated on-the-fly. This allows the data generation
process to adapt based on the current model state, enabling more efficient sampling of
informative data points. This thesis contributes with a novel active learning strategy
tailored for synthetic data generation in an online training setting.

2.5 Conclusion
In this chapter, we reviewed the state-of-the-art in DL-based surrogate modelling, covering
both the methodological design space and key architectures such as physics-informed
networks and neural operators.

These models have demonstrated strong performance across diverse PDE problems –
they provide accurate solutions at a fraction of the time compared to traditional meth-
ods. However, despite these advances, their training efficiency remains significantly lim-
ited. Specifically, the large scale of synthetic data incurs high storage and compute costs,
and the challenge of representative sampling from complex input parameters spaces hin-
ders model generalisation, further exacerbating these costs. Addressing these limitations
requires moving beyond model-centric improvements to a data-centric perspective that ac-
tively shapes the data generation process: rather than coarsening data or limiting dataset
size to fit resource budgets, we can steer the data generation process on-the-fly to produce
more informative samples that enhance model training efficiency.

The following chapters develop this data-centric perspective. Chapter 3 examines on-
line training to alleviate storage constraints, Chapter 4 presents active learning strategies
for mitigating compute costs via improving data efficiency, and Part II introduces our
contributions that unify these approaches for efficient surrogate training.



Chapter 3

I/O Efficiency of Deep Surrogates
Training

The scale of simulation data required for training surrogates and the curse of dimension-
ality in sampling the solver input parameters space pose significant training efficiency
challenges when the offline training approach is used. As discussed in Section 2.4, this
approach suffers from storage limitations and I/O bottlenecks, while online training offers
a compelling alternative by coupling data generation with model training and eliminating
the need for intermediate storage.

In this chapter, we illustrate the I/O inefficiency problem of offline surrogate training
in Section 3.1, describe the online training approach in Section 3.2, present the Melissa
framework [187] that provides implementation of this approach in Section 3.3, and con-
clude the chapter in Section 3.4.

3.1 Offline Training
The offline training approach workflow for data-driven surrogates is as follows:

1. Create a set of solver input parameters {λi}Ni=0 sampled from the input parameter
space Λ according to the behaviour design of the surrogate;

2. Create a dataset D of simulation trajectories {Xi}Ni=0 by running the solver S for
each input parameter λi and saving the results to the disk;

3. Train the surrogate model fθ for K epochs using the dataset D read from the disk.

We illustrate offline training in Figure 3.1.
We attempt to examine the offline training from the resource budget perspective.

Through illustrative formulations of storage and compute costs, we highlight associated
bottlenecks and discuss the limitations.

3.1.1 Storage and Compute Budget Limits
To obtain a surrogate within a fixed HPC system and IO setup, we are given a storage
budget D in bytes, used to store the training dataset, and a compute budget T in hours1,
divided between generating the dataset and training the surrogate model.

1We use walltime instead of compute hours, as the latter can be allocated differently within a fixed
walltime limit.

35
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The dataset2 volume is determined by the number of trajectories N , the discretisation
scheme h = (∆x, ∆t), which defines the trajectory sample size |X| = Nx × Nt. The
storage budget thus satisfies:

D ≥ D(N, h) = N · |X|. (3.1)

Both dataset creation Tdata and training Ttrain time consist3 of time T FLOP spent on
arithmetic operations (FLOP) and time T IO spent on storage read/write (I/O) operations.
In practice, I/O is mostly overlapped with compute, but a non-overlapped residual I/O
cost typically remains and contributes to the total wall-clock time [122], which is what
T IO captures. The total compute budget thus satisfies:

T ≥ Tdata + Ttrain = T FLOP + T IO. (3.2)

3.1.2 Compute Budget: Dataset Creation
The computational cost of generating N trajectories depends on three factors: the simula-
tion discretisation scheme h′ = (∆′

x, ∆′
t), the numerical solver complexity to produce one

trajectory, which defines the time spent Tsolver depending on h′, and chosen I/O writing
strategy and memory limit, which determine the I/O write cost Twrite depending on stor-
ing resolution h. The total compute used for dataset creation Tdata in hours is modelled
as:

Tdata(N, h, h′) = N · (Tsolver(h′) + Twrite(h)) . (3.3)
We distinguish between the discretisation resolutions h′ used by the solver during

dataset creation and the resolutions h used to store the dataset on disk. In the deep
surrogate literature [158, 82, 75, 13], it is common to use coarser resolution for storing
the data compared to the one used by the solver to create it, i.e., ∆′

x ≤ ∆x and ∆′
t ≤

∆t. Numerical methods often require fine resolutions to ensure stability and accuracy.
Downsampling helps to reduce the sample size and, consequently, increase the number of
samples in the dataset that can fit in the storage budget.

There are ways to optimise the I/O write cost using such techniques as batching multi-
ple samples together before writing to disk or using efficient file formats, e.g., HDF5 [212].
This cost, nevertheless, is inevitable, and during dataset creation, compute resources are
idle waiting for the I/O operations to complete.

3.1.3 Compute Budget: Surrogate Training
After the dataset is created and stored on disk, the surrogate model fθ is trained4 for
K epochs using this dataset. The computational cost of training similarly depends on
the complexity of a forward-backward pass TNN of the optimisation algorithm given the
batch size B and the architecture A, and chosen I/O reading strategy and memory limit,
determining the I/O read cost Tread affected by dataset size N and discretisation h. The
total compute budget used for training the surrogate in hours is expressed as:

Ttrain(K, N, h, P ) = K · (N/B · TNN(B,A) + Tread(N, h)) , (3.4)

where the dependence on B and A is implied through N , h, and model size P .
2Without loss of generality, we assume a fixed domain and uniform discretisation of a single field,

yielding equal-sized trajectory samples.
3For simplicity, we omit time spent on such processes as network and memory operations.
4For simplicity, we assume the NN architecture and training configuration are fixed and optimal.
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3.1.4 Competing for Compute
The total compute cost for dataset creation and surrogate training is modelled as:

T ≥ Tdata(N, h, h′) + Ttrain(K, N, h, P ) =
= T FLOP(N, K, h, h′, P ) + T IO(N, K, h) =

= N · Tsolver(h′) + K ·N/B · TNN(B,A) + N · Twrite(h) + K · Tread(N, h).
(3.5)

While in traditional ML/DL applications the compute budget is mostly dedicated to
training the model, in data-driven surrogates both dataset creation and surrogate
training compete for the same compute budget. This results in complex trade-offs
between the dataset size N , training time parameterised by epochs K, and model size P
needed to achieve desirable surrogate performance under fixed resource budgets. When
the task is to generalise across a high-dimensional, structurally complex parameter space
Λ, the trade-off becomes even more constrained. The I/O overhead further exacerbates
this issue and limits scalability.

Increasing N improves coverage of Λ and is essential for good generalisation, but it
increases the cost of data generation and, in the offline setting, is directly capped by
the storage cost limit N ≤ N⋆. In principle, these costs can be amortised by reusing
stored datasets across multiple experiments, and limited N can be compensated through
epoch-based training. However, additional passes over a fixed dataset yield diminishing
improvements and increase overfitting risk. At the same time, achieving low generalisation
error for such tasks usually requires higher-capacity models (larger P ) to capture the
underlying mappings, and more training time (larger K) for optimisation to converge,
together increasing the training cost.

The trade-off is further hindered by the I/O bottleneck, when part of the compute
budget is spent on I/O operations instead of computations dedicated to dataset creation
and surrogate training, effectively tightening the limits on feasible N and K. The problem
is self-reinforcing: larger N and K incur larger I/O overhead, in turn constraining these
further. While effective I/O strategies can be applied and I/O time can be maximally
overlapped with computations, a residual overhead remains [152, 122]. At scale, it can
dominate total training time, with reports of I/O accounting for up to 60-90% of per-epoch
time in large DL workloads [171, 89].

In the context of large language models, the Chinchilla scaling law suggests that,
under a fixed compute budget, “the model size and the number of training tokens should
be scaled equally” [79] – simply increasing model size (P ) or dataset size (N) alone is
suboptimal. For surrogates, however, each additional training sample carries the full cost
of running a numerical simulation, sharpening the competition between data-generation
and training costs. In the context of CFD surrogates, Ashton et al., 2025 [13] derives
scaling laws that explicitly account for the cost of data generation and distinguishes
between regimes where either the data generation or the training cost is the dominant
factor in the total compute. Ashton et al., 2025 [13, Table 4] reports estimates on the
computational time and cost to develop foundation models for CFD applications, for
example, 1.3 × 106 GPU hours at $10.3M with 400TB storage at $48k/year to create a
dataset, and 4.963 × 104 GPU hours at $397k to train a surrogate, illustrating the scale
of resources required for such models. However, the analysis does not account for the
I/O cost explicitly, even though I/O can become a significant contributor to end-to-end
training time at these scales.
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Scaling deep surrogates to industrially relevant and scientifically challenging applica-
tions remains challenging due to competing compute demands, the I/O bottleneck, and
storage limits, motivating alternative training approaches that mitigate these constraints
and improve scalability.

3.2 Online Training
The online training approach addresses the I/O inefficiencies of offline training by inter-
leaving data generation and model training, streaming data samples directly from
the numerical solver to the training process without intermediate storage. Recent work by
Ashton et al., 2025 [13] highlights that the online approach is one potential solution to the
storage and I/O costs in training data-driven CFD surrogates at scale. Essentially, the
online paradigm converts the training task from storage-bound to compute-bound, which
is beneficial in the context of modern HPC systems, where the gap between compute and
storage-I/O performance is growing [153].

3.2.1 Defining Online
The terms online and offline are used with different meanings across disciplines and even
within DL. We discuss these terms from four perspectives.

I. Connection. The terms online and offline indicate whether two entities are con-
nected or disconnected, for example, a user being connected to the Web. The connection
can be physical or logical, and need not be continuous, as the presence of a communication
path is what matters. In our context, the connection is between the data generation and
model training processes, which may operate in isolation (offline) or be directly coupled
and exchanging data (online).

II. Decision-making. These terms indicate whether decisions are made before the
main task (offline) or in parallel with it (online). Online decision-making allows using
knowledge about the ongoing main task to make adaptive and active decisions. Here,
the main task is surrogate training, and the decisions concern data generation, such as
selection of solver input parameters, which can be informed by the training dynamics.

III. Data availability. The terms are well-established in computer science: an online
algorithm processes its input piece-by-piece in the order it is received, without having
the entire input available from the start. In contrast, an offline algorithm is given all
data upfront and is required to output a solution for the problem at hand [96]. In online
training, a surrogate receives data samples one-by-one as they are generated by the solver,
instead of operating on a dataset precomputed upfront.

Within DL, the concept of continual (also called incremental or lifelong) learning is
closely related to this perspective [224]. Training data arrive sequentially, often with
shifts in the data distribution when a dynamical system is studied, and the model must
adapt to new data without forgetting previously learned knowledge. This concept adds
two important aspects that are missing in the aforementioned definition: the model learns
from a (possibly non-stationary) data stream, not just processes it, and the model has
no or only limited access to past samples. Different continual-learning scenarios are then
distinguished based on these two aspects [224].

IV. Data placement. Similar terminology appears as in-situ (online) and ex-situ
(offline), from the Latin “on-site” and “off-site”. Algorithms can be executed where the
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data are produced (in-situ), instead of first moving data to a separate location (ex-situ).
In our context, data are generated within the solver processes, while the training algorithm
that consumes this data runs on separate resources.

In HPC and scientific computing, in-situ approaches are widely used for analysis and
visualisation of large-scale simulations: algorithms are executed close to where data are
created to avoid expensive I/O operations [20]. For data-driven surrogates, it is likely
infeasible for training to reside entirely in the solver memory due to the complexity and
distribution of both processes and often different hardware requirements. The data have
to be moved at least between these processes’ resources, but intermediate storage can be
avoided by transferring it memory-to-memory between them, which can still be interpreted
as an in-situ approach.

Definition. We attempt to define the online training in our context by combining these
perspectives together, as each of them captures some important aspects of the approach.
We illustrate online training in Figure 3.2.

The online training of a data-driven deep surrogate is a distributed program,
where two connected processes run simultaneously and continuously (I.):

Producer: a numerical solver generation process that produces training data for
chosen under control (II.) input parameters and

Consumer: a surrogate training process that consumes the produced data.

Created samples are streamed (III.) memory-to-memory (IV.) from Producer to Consumer
to be used for training.

3.2.2 Comparison to Offline Training
As data creation and surrogate training are now interleaved, we perform as many ˜︂K
training iterations as it takes to generate ˜︂N trajectories within the compute budget T,
which is expressed as:

˜︂N · Tsolver(h′) ≈ ˜︂K · TNN(B,A) = ˜︁T FLOP(˜︂K, ˜︂N, h′, P ) ≤ T. (3.6)

The relative speed of data generation and training determines both ˜︂K and ˜︂N , but can
be controlled through the parameters of processes (h′, B, P ), as well as the paral-
lelisation strategy and the allocation of computational resources (running processes on
larger/smaller number of nodes, using more/less parallelism within each process, etc.).

Compared to the offline approach with Equation (3.5), the online training approach
eliminates the I/O cost T IO, replaces the storage-bound data generation time Tdata with
the compute-bound Tsolver, and allows for more training iterations ˜︂K and more training
samples ˜︂N within the same compute budget T. The approaches can be compared illus-
tratively via Figures 3.1 and 3.2, and we elaborate on the implications of these differences
below.

Since training data are not stored on disk, the saved storage budget can be reinvested
into compute budget (˜︂N ↑, ˜︂K ↑). Moreover, data size ˜︂N and downsampling from the fine
resolution h′ to a coarser h become design choices rather than constraints imposed by the
storage limit D.

Without disk I/O and as the memory-to-memory transfer time is typically negligible
relative to the residual I/O overhead, the compute budget is now fully dedicated to FLOP
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Figure 3.1: Offline training workflow: data are generated upfront and written to disk, then
data are read from disk during training; residual I/O overhead stalls both generation and
training compute.

execution (˜︂N ↑, ˜︂K ↑). For simulations that produce large data within a short time, i.e.,
for I/O-bound solvers where I/O cost dominates the compute, this can result in significant
improvements in computational efficiency.

Because new training samples are continuously generated and consumed on-the-fly,
the concept of a fixed dataset no longer applies, and epoch-based training with repeated
data samples is not required to compensate for the lack of data. The surrogate effectively
trains for one epoch over a potentially infinite data stream, exposed to diverse samples
with minimal repetition. This aligns with the scaling laws [79, 13], which suggest that
performance gains should arise from model and data scaling rather than repeated exposure
to the same information.

Finally, the online training approach opens opportunities for adaptive and active data
generation strategies, where decisions about data generation are made on-the-fly using
acquired knowledge about the training process. This can further improve surrogate per-
formance and computational efficiency.

3.2.3 Challenges
While the online training approach offers significant advantages, it also introduces several
challenges that need to be addressed for effective implementation.

Sequential nature of data generation and of simulation trajectories themselves intro-
duce two types of biases in the training data stream that can affect the surrogate per-
formance: intra-simulation (within a single simulation trajectory) and inter-simulation
(between different simulation trajectories) biases. In addition, as the model has no or
only limited access to past data samples, at any time only a subset of all generated data
is available due to memory constraints. These biases can lead to catastrophic forgetting,
where the model forgets previously learned information when new data is introduced [104].
Addressing these biases requires careful design of the training process to ensure that the
model retains knowledge from earlier data while effectively learning from new samples.

Balancing the speeds of data production and consumption is crucial for efficient use of
resources and effective learning. When consumption is faster than production, the model
may exhaust available data: pausing training causes idle GPUs, while repeating data
samples to keep training ongoing risks overfitting and exacerbated catastrophic forget-
ting. Conversely, when production outpaces consumption, training becomes a bottleneck,
leading to idle solver resources or backlogs of unconsumed data that can cause memory
issues.
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Figure 3.2: Online training workflow: training is overlapped with data generation, data
from solvers are sent as soon as produced directly to the training process, avoiding storage
and eliminating I/O overhead.

Implementing controlled data generation strategies that adapt to the model’s learning
progress adds further complexity to the workflow. It requires mechanisms for monitoring
the training process and making real-time decisions about data generation parameters,
which must be realised without degrading throughput or introducing additional biases in
the training stream.

Orchestrating two large-scale distributed processes that run simultaneously and con-
tinuously also poses system-level challenges, including but not limited to efficient data
transfer, resource allocation, and robust handling of faults and failures. These issues
become more pronounced at scale, where communication overheads, stragglers, and het-
erogeneous hardware can significantly affect overall utilisation.

A remaining open question concerns the treatment of simulation data once it has been
generated and consumed by the model. In the current framework, simulation data are
regenerated for each training run and are not persistently stored, which removes storage
and I/O bottlenecks but may be wasteful when simulations are strongly compute-bound.
It is not yet clear whether this regenerating, storage-free regime is preferable to tradi-
tional offline workflows, or whether a hybrid strategy that selectively stores informative
trajectories could better amortise generation costs while retaining the benefits of online
training. Characterising this trade-off between storage, data generation cost, and sur-
rogate performance is, therefore, a key open challenge for deploying online training in
practice.

3.2.4 Related Work
Concurrent DL model training with data generation is commonly found in deep rein-
forcement learning (DRL) [204], where actors (data generation) explore an environment
following a policy while a learner (DL model) continuously updates based on the envi-
ronment simulation rewards, creating the scenario of constant back-and-forth interactions
between the two processes. This paradigm shares structural similarities with online train-
ing of surrogates: both parallelise data generation and training, and DRL has driven the
development of orchestration tools for large-scale online learning, such as Rllib [238], as
well as mechanisms like replay buffers for data mixing and mitigating the off-policy effect
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[245, 186].
However, key differences limit direct comparisons. First, DRL simulations are typically

sequential or multithreaded, running on single nodes, whereas scientific surrogate training
requires integration with massively parallel PDE solvers using distributed memory to
achieve HPC-relevant scales. Second, DRL neural architectures required for that scale of
simulations are typically smaller (shallow MLPs or compact CNNs) that the high-capacity
architectures employed for deep surrogates. Third, DRL learns a policy for interacting
with an environment, while surrogate modelling learns the environment itself.

Other related works include DeepDriveMD [28], which couples molecular dynamics
ensembles with adaptive DL models for steering simulation campaigns, Colmena [230],
which orchestrates large ensembles of simulations and ML models for decision-making
in materials and chemistry workflows, and Proxima [243], a control-theoretic framework
for integrating ML controllers with simulation codes. These frameworks share the idea
of tightly coupling simulations with ML components and supporting adaptive, in-situ
decisions at scale, but they target steering and control rather than continuous online
surrogate training.

To our knowledge, the only existing framework that addresses online training of surro-
gates at HPC-scale is the Melissa framework [187], which we discuss in the next section.

3.3 Melissa Framework
The Melissa framework [187] is an open-source software for online data-processing from
ensembles of large-scale data-intensive applications on HPC systems. It was initially de-
veloped for sensitivity analysis [211], further advanced for data assimilation [59], and
recently expanded to deep surrogate training [148]. These applications involve running
many instances of numerical simulations, which produce large amounts of data that need
to be processed efficiently. The Melissa framework addresses the challenges of I/O bot-
tlenecks and storage limitations by enabling online data processing, i.e., it eliminates
intermediate file storage and processes data on-the-fly. Within the online paradigm, each
application presents specific challenges and requirements, which are addressed by different
components and strategies developed in Melissa.

Melissa is an implementation of the online training of data-driven deep surrogates.
The objective of the framework is to maximise the throughput of simulation data pro-
duction for distributed deep surrogate training at large scale (thousands of CPUs and
multiple GPUs). To mitigate biases in the data produced sequentially and improve surro-
gates training convergence, the data is received into an intermediate memory buffer that
supports various data management strategies.

We continue with a detailed presentation of the main components of Melissa, including
data management strategies, and discuss empirical results that demonstrate the effective-
ness of the framework. We follow the thesis of Lucas Meyer [147], which is dedicated to
the development of Melissa, and refer the reader to it for more details.

3.3.1 Melissa Components
The framework is a client/server architecture where clients and server can have different
levels of parallelism. Figure 3.3 illustrates the architecture of the Melissa framework. The
Clients are solver codes that produce simulation data concurrently (production), and the
Server performs (possibly on multiple GPUs) surrogate training with data received from
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Figure 3.3: The Melissa framework architecture for online training of data-driven surro-
gates. Thanks to Abhishek Purandare for the original figure.

the Clients (consumption). Received data are stored in-memory in an intermediate Buffer
to lessen synchronisation required between Clients and the Server and to improve data
mixing. The workflow is orchestrated and monitored by a Launcher process. Settings of
experiment studies are defined in a user-customised configuration file.

The data exchanges between the Clients and the Server are direct memory-to-memory
communications, thus, eliminating the I/O bottleneck and need for intermediate
storage. The framework supports fault tolerance protocol: connections between the
Clients and the Server are dynamic, thus, a Client’s halt, by a user, a scheduler, or due
to a failure, does not lead to a halt of the Server. Moreover, in case of a Client or the
Server failure, they restart automatically. The application is elastic, as the number of
Clients running concurrently can be adapted continuously based on the availability of the
resources.

Launcher. The Launcher is a Python programme that orchestrates and monitors the
workflow. It interacts with the HPC system’s batch scheduler, such as OAR [34] or
SLURM [241], based on the directives provided by the user in the configuration file of the
study. First, it starts the Server job on the allocated resources. Then, it receives from
the Server a queue of requests of Client instances to run of size N — total number of
simulations to be produced during the study. The Launcher builds the associated jobs in
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1 #!/ bin/bash
2 python3 solver .py --solver - parameters 1.0 4.2 59

client.7.sh

1 from mpi4py import MPI
2 from melissa_api import (
3 melissa_init , melissa_finalize , melissa_send
4 )
5 import solver_generator # arbitrary solver generator that yields samples
6

7 solver_parameters = ... # parsed from command line arguments
8

9 comm = MPI. COMM_WORLD
10

11 field_previous_position = "X_t -1"
12 field_position = "X_t"
13 data_size = 100 # size of one sample
14

15 melissa_init ( field_previous_position , data_size , comm)
16 melissa_init ( field_position , data_size , comm)
17

18 for x_prev , x_cur in solver_generator ( solver_parameters ):
19 melissa_send ( field_previous_position , x_prev )
20 melissa_send ( field_position , x_cur)
21

22 melissa_finalize ()

solver.py

Figure 3.4: Client code example with Melissa API for i = 7 and λ7 = (1.0, 4.2, 59).

batches of size NS and submits them to the batch scheduler. Further, it is responsible
for killing and restarting faulty Client jobs that were indicated to be unresponsive by
the Server. At any moment, the Launcher is informed which of the Clients are currently
running, which of them has finished, and which are waiting to be submitted.

Clients. Each Client Sj runs a simulation code S(·, λj) with a given set λj of variable
inputs. The code can be written in C, C++, Fortran, or Python languages. It is usually
parallelised with the Message Passing Interface (MPI) or similar standard to run over
several nodes and cores. There are always at most NS Clients running concurrently
independently of each other.

Melissa requires adding in the solver code three API calls: communication initialisa-
tion, a simulation step send, and communication finalisation. The first connects the Client
to the Server for a data transfer. The second is the data transfer. The third signals that
no more data will be sent before disconnecting. See a Client code example in Figure 3.4.

The Client Sj sends every completed training sample X
[t]
j as soon as computed (non-

blocking), where [t] associates the sample with the timestep (see Eq. (2.10)) and j – with
input parameter λj used in the CLient’s script.

Server. The Server is mainly responsible for the surrogate training. It is an MPI code
that supports distributed data-parallel training: the Server can run several Python pro-
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cesses (MPI ranks R0, . . . , RNg), running an identical copy of the model, i.e., weights,
architecture, and optimiser. After each batch, weight updates computed from each local
batch are added, so that all model copies receive the same update.

Each Server process runs two threads. The first is the data management thread – the
Receiver role (only on R0). It manages connections to Clients, data reception, i.e., dele-
tion/insertion from/into the Buffer, and communication with the Launcher. At the start
of the study, the Receiver creates N Client script files client.j.sh with j = 1, . . . , N ,
which include the solver input parameters λj and the path to the solver’s executable. The
set of parameters {λj}Nj=1 is created by the Server by uniformly sampling from the user-
defined ranges for each parameter Λ = ⋃︁np

d=1 Λd in the configuration file, where np is a total
number of parameters. Alternatively, to provide more uniform coverage of the parameter
space for finite number of samples, sampling can be done quasi-uniformly, i.e., using such
sequences as Latin Hypercube, Halton, Hammersley. The Receiver then sends a request
to the Launcher to execute these scripts as Client jobs on the HPC system. Clients send
data to the Receiver, which manages their reception into the Buffer according to the
user-defined Buffer management strategy.

The second is the surrogate training thread – the Trainer role (on all ranks). It
builds training batches from the Buffer and performs training optimisation step, i.e.,
batch loading to GPU, forward and backward passes (supports Torch and Tensorflow).
Then all training ranks communicate through an all-reduce operation to aggregate the
gradients for the NN update, and, finally, update their local copy.

A user customises the Server code by inheriting a base Server class in Python, where
all main Server functions are already defined, and defines several required methods: data
transformation to a training sample pair input-output; the NN model’s architecture and
optimiser definition; the logic for a single training step; and model’s checkpoint and
loading.

Configuration file. The configuration file consists of sub-configurations for each com-
ponent. The two most important are the study options and DL configuration. The former
sets the total number of simulations N , the number np and ranges of input parameters
Λ. The latter sets the Buffer size NB and the batch size B. The Launcher’s configuration
consists of batch scheduler directives to run the Server and a Client job. Finally, the
Client’s configuration consists of a path to the solver executable, its default arguments,
and a list of commands to be executed on the job node prior to the solver execution (e.g.,
loading modules or setting flags). There is a set of minimum required configuration items
to be included, however, the Server class has access to the whole dictionary, therefore, it
can include more items, to customise the experiment study. The users have full freedom
over this file, as they have over the Server class.

Transport library. The data is transferred from the Clients to the Server’s training
Buffer relying on ZeroMQ library [76] (MQ stands for Message Queue). It manages
asynchronous transfers relying on internal buffers and threads on the Client and Server
sides, to store data transfer messages when necessary to favour overlap of communication
and computations. When the buffers are full, the data production is suspended until
space becomes available.
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3.3.2 Training Buffer
The training Buffer Bbuf has a fixed capacity NB and sits between the Receiver and the
Trainer. When training is distributed on several GPUs (i.e., several Servers), each has its
own Buffer, and data from Clients is distributed evenly across Servers, for example, in a
round-robin fashion.

The purpose of the Buffer is to mitigate two inevitable biases specific to online training.
The first is the inter-simulation bias – training batches are dominated by data from the
NS concurrently running simulations, reducing the diversity of dynamics represented. The
second is the intra-simulation bias – training batches contain correlated trajectory states
due to sequential production of timesteps by the solver and their ordered arrival to the
Buffer.

Biased data affects the quality of training by introducing distributional shifts. The
inter-simulation bias introduces a shift across the parameter space, while the intra-si-
mulation bias introduces a shift over time. Both can lead to catastrophic forgetting –
a phenomenon where the NN’s performance degrades on previously seen data no longer
represented in the current training batches [104].

The Buffer acts as a mixing pool, accumulating data from Clients over time, which
decorrelates and diversifies the training batches sampled by the Trainer. The Buffer
manages data through three operations: insertion of newly received data, eviction of
existing items to make room as the capacity is fixed, and selection of samples to form
training batches. The policies governing these three operations, together with the buffer
size NB, determine how effectively the biases are mitigated.

Data management strategies. The first and most simple strategy is First-In First-
Out (FIFO). The Buffer can be implemented as a simple queue: to insert a new data
item, the oldest item is evicted. While it provides some slack to keep the consumption on
when the production is slower, it does not address the data biases.

The second strategy is First-In Random-Out (FIRO). When a new data item is ready
to be received, if there is no room left, a Buffer item at a random position is evicted. To
mitigate over-representation of the data received in the beginning of the study, there is a
threshold, called watermark, that defines the minimum number of items in the Buffer be-
fore starting the training process. The first training iterations are critical for convergence
of the NN, thus it is important to eliminate the bias caused by this initial filling period
when the diversity is low.

Meyer et al., 2023 [148] introduced a new strategy, called Reservoir Buffer, to
mitigate biases and enable data to be seen more than once. There is a distinction between
the data that was seen by a NN and new unseen data. When an item is received, it is
marked as “unseen”; after it is selected for a training batch, it is marked as “seen” and
moved to a list of “seen” items.

This seen/unseen distinction defines the eviction and selection policies. When the
Buffer is full and a new item is to be received, a random index is selected among the
“seen” items and that item is evicted, freeing space for the new “unseen” item. If there is
no “seen” item in the Buffer, the reception (and thus the production) is blocked. When
building a training batch, the items are selected uniformly at random among both “seen”
and “unseen” items. This allows sample repetition, avoiding GPU starvation while incor-
porating newly available data. The distribution of “seen” and “unseen” items in a batch
is proportional to the population distribution in the Buffer. It is affected by the ratio be-
tween production and consumption speeds and the Buffer capacity NB. Once production
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has ended, the remaining data is consumed until the Buffer is empty, at which point the
study terminates.

3.3.3 Empirical Results
The experiments in Meyer et al., 2023 [148] demonstrated that the Reservoir Buffer strat-
egy enables a stable high throughput of data compared to FIFO and FIRO, and signifi-
cantly mitigates the biases, which leads to better generalisation accuracy of the surrogate
and faster convergence. When compared to offline training, the online framework enables
to improve the surrogate accuracy due to larger training dataset size.

Meyer et al., 2023 [148] compares online training with offline training of a direct sur-
rogate of a 2D heat transfer solver. The surrogate is an MLP of 514M parameters, which
takes 5 IC/BC parameters and time step index as input and predicts the temperature
field of 1000×1,000 grid points at that time step. The solver is written in Fortran and
parallelised with MPI, and each simulation consists of 100 time steps.

Offline training used 250 simulations (450GB raw dataset, 95.5GB compressed) re-
peated over 100 epochs, with data written to disk and loaded via mmap across 4 GPUs
with 8 parallel workers each, achieving 38 samples/sec and requiring 24 hours to train after
60k training batches. With the same batch budget and number of GPUs, online training
streams data from 20,000 simulations (8TB total) generated on 5,120 cores directly to the
training Server with 4 GPUs, processing 476 samples/sec and completing in under 2 hours.
The offline approach exhibits clear overfitting, with validation loss converging above the
decreasing training loss, while online training with a Reservoir Buffer improves validation
loss by 47%, demonstrating superior generalisation. We provide Meyer et al., 2023 [148,
Figure 6] that illustrates these results in Figure 3.5.

Although online training incurs 29% higher compute cost (BC63.8 vs BC49.1) due to
larger amount of data generated, it avoids the prohibitive storage cost of BC480 that
would be required to persist the full 8TB dataset for an equivalent offline training. A
practical production workflow would combine pre-training on a static reduced dataset
for hyperparameter tuning with selective online retraining at scale using complementary
data, balancing storage footprint against the compute cost of regenerating simulations.

In another publication, Meyer et al., 2023 [149] compares offline and online train-
ing with Unet, FNO, and Message Passing Neural PDE Solver surrogate models for
mixed advection-diffusion, Lorenz’s system, and Navier-Stokes PDEs. The results fur-
ther demonstrate improved generalisation accuracy and processing of larger datasets for
online training compared to offline training across a variety of surrogate architectures and
applications.

3.3.4 Discussion
The Melissa framework provides the implementation of online training with many sub-
tleties covered, supporting the deployment at scale on supercomputers. Such challenges
as data bias mitigation, high-throughput data transfer, and distributed training at scale
are addressed successfully, allowing scaling up the surrogate application. However, some
open questions remain.

First, the Buffer is currently implemented to store training samples X
[t]
j ready for

selection into batches, for example, pairs of consecutive time steps {X t
j , X t+1

j }. However,
this means the Buffer contains duplicate states across training samples, for example, the
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Figure 3.5: Comparison between offline and online training at equivalent numbers of
batches from Meyer et al., 2023 [148, Figure 6]. Offline trains for several epochs on the
data generated by 250 simulations. Online training is performed on 20,000 simulations
managed by the framework.

state X t+1
j appears twice in {X t

j , X t+1
j } and {X t+1

j , X t+2
j }. It would be more memory-

efficient to store individual states X t and form training samples on-the-fly, in accordance
with a training scheme (see subsection 2.2.2). For example, composing subsequences of
n consecutive timesteps from available sequences in the Buffer for multistep training, or
choosing pairs of timesteps with a prescribed interval for all-to-all training [75] Moreover,
this would enable more flexible training schemes not yet explored, to our knowledge, in the
context of deep surrogate training, such as non-regular multistep sequences (e.g., using
[t, t+1, t+3] when t+2 is unavailable) or gap-aware subsequence splitting (e.g., forming
[t, t+1] and [t+3, t+4, t+5] from [t, t+1, t+3, t+4, t+5] when t+2 is unavailable).

Second, the imbalance between data production and consumption speeds is currently
managed heuristically, i.e., adjusting manually the number of concurrent Clients NS,
parallelisation size of the solver, Buffer size, batch size, number of training GPUs. If
the production-consumption speed ratio is too imbalanced, one side may frequently stall,
leaving Client or Server resources idle and reducing overall training throughput. These
parameters could be adapted on-the-fly based on the observed speeds in order to maximise
the resource utilisation, for example, using control theory approaches [69] or dynamic
resource management [86]. Moreover, Melissa was not benchmarked on a challenging
real-world applications yet, where the production-consumption imbalance is expected to
be more pronounced due to the complexity of the solver and surrogate model. Overall,
studying impact of these parameters on the surrogate training performance and resource
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utilisation is an important work that remains to be done.
Third, the framework is intended to be used in a scenario where the surrogate model

architecture and hyperparameters are found optimal before the online training. Otherwise,
the training process is required to be restarted, losing all the data generated previously,
and thus using computational resource to generate data again. An interesting direction
for future work is to enable hyperparameter tuning [221] and architecture search [61]
within the online training framework, which would further improve the usability of the
framework for deep surrogate training at scale.

Last, we believe that more systematic comparison between offline and online training
is still required to fully understand the advantages and disadvantages of both approaches
across a variety of applications, surrogate architectures, and HPC systems. For example,
profiling the I/O overhead incurred in offline training, even with state-of-the-art stor-
age and I/O strategies, could show more clearly the benefits of online training, as the
impact of I/O on DL training performance remains broadly understudied [152, 122]. Fur-
ther, training large transformer-based surrogates for complex large-scale simulations could
demonstrate the scalability of online training further, similar to Ashton et al., 2025 [13]
study in the offline context.

Finally, Melissa does not support active steering of the data generation process, i.e.,
making active choices about which training data to produce by adapting the input pa-
rameters of the simulations based on the training progress. This would require a feedback
loop between the Server and the Launcher to enable dynamic modification of the Client
scripts during the experiment run. Beyond steering data generation, the Buffer manage-
ment strategies could also be made active: making informed choices about which data
to evict and which samples to prioritise in training batches. Potentially, eviction of less
informative samples and prioritisation of more informative ones could improve the train-
ing efficiency, as well as balancing the distribution of samples in the Buffer based on how
many times they were seen by the NN. Such strategies would require approaches that
do not incur additional bias in the data distribution stemming from prioritisation, while
maintaining high data throughput and resource utilisation.

The active steering of data generation is the research direction that we explore in this
thesis. To pursue this goal, we choose Melissa, as it addresses the core challenges of online
training at scale, extending and advancing it to support active strategies.

3.4 Conclusion
In this chapter, we highlighted the I/O inefficiency problem of traditional fixed-dataset
(offline) training of data-driven surrogates, which impedes scaling to complex real-world
applications due to limitations on storage and overhead of I/O operations. We discussed
online training as an alternative approach that mitigates this problem by interleaving data
generation and model training, converting the training task from being I/O and storage
bound to being compute bound. This shift enables larger amounts of diverse training
data and more training iterations within the same computational budget. To further
advance scalability of surrogates, approaches that improve the computational efficiency
of the model training and data generation have to be explored.

We overviewed the Melissa framework that implements online training of surrogates
and presented results of Meyer et al., 2023 [148] demonstrating advantages of this approach
over the offline training in terms of surrogate performance and scalability. While the
framework addresses many challenges of online training, several research directions emerge
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for further improvements.
Specifically, the Melissa framework has to be advanced to enable active steering of

data generation process based on the information acquired about the surrogate perfor-
mance and the solver behaviour during training. Currently, the data generation process is
passive, as solver input parameters are simply sampled from a fixed uniform distribution.
Incorporating a mechanism that selects next training data to be generated in an informed
manner would make the training task truly online from the second perspective established
in subsection 3.2.1.

In the next chapter, we explore active learning (AL) methods as a data-centric ap-
proach to improving computational efficiency of surrogate training by improving data
efficiency. AL methods that work with continuous data parametrisation spaces, i.e.,
query-synthesis AL methods, fit naturally into the online training of data-driven sur-
rogates, as they can be used to actively steer the data generation process by selecting the
most informative solver input parameters to generate next training samples from.



Chapter 4

Compute Efficiency with Active
Learning (AL)

Research on the computational efficiency of training NNs is a wide, highly active area of
research that cuts across ML, systems, and hardware communities and is critical for both
environmental and economic reasons. In the last decade, DL has made huge progress
across many application domains, such as protein folding, robotics, text/image genera-
tion. During the last few years, capabilities and accuracy of generative models for images
and texts have grown so rapidly that humans now struggle to distinguish AI-generated
content from real ones, raising widespread concerns about manipulation and loss of trust
in online media [44, 200]. The key factor behind these advances is scaling up DL models
to billions or trillions of parameters and training them on massive amounts of data; but
so have scaled the computational costs and carbon footprint of training these models [18].
Yet DL still falls short of performance requirements in many real-world and scientific
applications, making further naive scaling unsustainable, both economically and environ-
mentally. Improving the computational efficiency of DL training thus became a necessity
and a major research direction.

The research direction organises solutions around three main axes: model-, resource-,
and data-level optimisations [121, 18, 246]. Model-level optimisations focus on, for ex-
ample, designing more efficient NN architectures and training/optimisation algorithms
that converge faster or require fewer computations during training or inference, e.g., low
rank approximation, weight quantisation, windowed attention mechanisms. Resource-
level optimisations target arithmetic optimisation (e.g., mixed precision) and implemen-
tation/system optimisation (e.g., leveraging sparsity, neuromorphic hardware). Data-level
optimisations aim to improve the quality/size of training and inference data (e.g., selec-
tive data collection, pruning, prompt engineering) and its maintenance (e.g., monitoring,
storage). While significant progress has been made in all three areas, historically the AI
community relied mainly on the model-centric perspective (model-/resource-level), with
the data-centric approaches gaining attention only recently [246].

In the context of DL surrogates for scientific applications, the paradigm shift towards
data-centric approaches is less evident. Most existing work focuses on model-centric
solutions, such as physics-informed architectures [176], neural operators [112], efficient
transformers [75, 82], leaving data-centric strategies underexplored or out of the spotlight.
Ashton et al., 2025 [13] for the first time explicitly highlighted the challenges of surrogate
training and scaling associated with data generation process.

However, the simulation data used for scientific DL surrogates brings unique oppor-
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tunities and challenges. Unlike in observational-based DL, like vision and language tasks,
the training data is synthetic, i.e., it is generated on-demand with solvers, which enables
full control over its quantity, diversity, fidelity, and resolution. At the same time, such
data is typically high-dimensional, multi-modal, and governed by complex physical laws.
These characteristics both enable and necessitate data-centric strategies to effectively
curate and utilise simulation data for training DL surrogates.

We argue that computational efficiency of training DL surrogates can be significantly
improved through data-centric approaches that increase data efficiency. Specifically, by
curating the training data generation process, these reduce the number of expensive sim-
ulations required to achieve a desired surrogate performance. The online training set-
ting, discussed in the previous chapter, naturally provides this curation by running the
data generation process alongside the surrogate training. We propose to leverage query-
synthesis active learning [193] – methods that aim to synthesise the most informative
training data samples based on the current state of the model – to guide the simulation
data generation in an adaptive, online manner.

In this chapter, we present the concept of active learning in Section 4.1, discuss closely
related fields in Section 4.2, review classical methods in Section 4.3 and recent advances
for PDE surrogates in Sections 4.4 and 4.5, discussing their limitations and highlighting
existing gaps that motivate this thesis contributions.

4.1 Improving Data Efficiency with AL
Data efficiency (also termed sample efficiency in the literature) measures how effectively
each data sample contributes to a model performance relative to the costs of acquisition,
labelling, processing, and storage, essentially, how to “make the most out of the data”.
Comparable model performance can often be achieved using either a large, low-quality
dataset or a smaller, high-quality one. For example, a BERT large language model trained
on a carefully curated subset of its original dataset achieves near full-data performance
using only about 15% of the original training data [53]. This finding demonstrates that im-
proving data quality can significantly reduce associated costs while maintaining accuracy,
highlighting the importance of data efficiency. Moreover, when datasets are carefully col-
lected and labelled initially, the saved resources can be reinvested into increasing dataset
size and diversity, further enhancing model generalisation.

Active Learning (AL) methods focus on improving data efficiency by selectively cu-
rating the data labelling process. Labelling a data sample, or more generally, obtaining
the corresponding output for an input, is done by an oracle, typically a human expert,
which incurs significant costs. Instead of labelling every available data sample, AL meth-
ods aim to select those expected to maximise data efficiency and, consequently, model
performance.

There are three main categories of AL methods, distinguished by the way unlabelled
data arrives for labelling [193]:

1. Pool-based: A large, static pool of unlabelled data samples is available all at once.
The goal is to select the N most informative samples from this pool for labelling.

2. Stream-based: A continuous stream of unlabelled data samples becomes available
sequentially, without control or advance knowledge of future samples. The goal is
to decide on-the-fly for each sample whether to label or permanently discard it.
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3. Query-synthesis (or query-based): An input space from which the data samples
can be generated at will is available, without necessarily having knowledge of the
input-output mapping or distributions. The goal is to query N points in the input
space to generate the expectedly most informative samples.

The pool-based setting is the most widely studied in classical ML applications, pri-
marily as large unlabelled datasets, such as images or texts collected from the Web or
sets of data from various sensors, are simply very common [114, 193]. The stream-based
setting is less common but poses unique challenges, such as data distribution shifts over
time and the critical need for real-time decision-making and fast algorithms, as seen in
applications like fraud detection, spam filtering, and manufacture monitoring [32]. This
setting is also referred to as online active learning in some literature. The query-synthesis
category is the least explored due to its unusual setting where data can be generated.
However, with the rise of generative AI models, it is gaining attention, as these enable
generating synthetic images and texts for training [222].

4.2 Related Concepts
Several fields share the AL’s goal of improving learning efficiency from a data-centric
perspective or face similar challenges.

Experimental design, also known as design of experiments (DOE) [56], aims to design
experiments whose outcomes provide the most information about a system under study.
Bayesian optimal experimental design (BOED) [36] models this task in a probabilistic
framework, where experiments are selected to maximise the expected information gained
about the system parameters. The task can be further extended to design sequences
of experiments and to utilise information gathered from past experiments to construct
adaptive experimental designs [184]. Recent works [57, 58, 87] use DL methods to amortise
costs and enable real-time applications. [230, 28] integrate DOE with HPC workflows for
large-scale scientific applications.

This field closely relates to AL, especially the query-synthesis setting, as both involve
strategically selecting points in an input space to maximise information gain about an
unknown system. In the AL context, experiment outcomes correspond to labelled (gener-
ated) data samples, the system under study is the input-output mapping being learned,
and information about it is implicitly captured through the predictive model’s perfor-
mance. By selecting data samples (experiments) that are expected to yield the most
informative outcomes, AL methods aim to efficiently learn the underlying mapping with
minimal labelled data. However, DOE provides a more formal framework, where prin-
cipled information-theoretic objectives are maximised, while AL methods often employ
heuristic criteria. Both fields benefit from each other’s advances and are recognised as
related, as evidenced by the shared community workshop series “Modern Experimental
Design and Active Learning in the Real World” [3].

Simulation-Based Inference (SBI) methods perform Bayesian inference of a system’s
model parameters when the likelihood probability distribution is intractable but simu-
lation data are available [38]. Modern SBI approaches use DL to perform amortised
inference, where the likelihood, posterior, or their ratio are approximated with NNs
[164, 165, 64]. Sample efficiency is a crucial shortcoming of SBI and [38] recognises AL
“as a key idea to improve the sample efficiency of various inference methods”. In [139]
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AL guides the acquisition of simulation parameters to generate training data for a neural
density estimator.

Reinforcement learning (RL) similarly employs data-centric approaches for improving
sample efficiency and model performance. Experience Replay technique [54] improves
stability and efficiency of training Deep RL agents by selectively reusing past experiences
based on, for example, priority sampling [186]. It parallels AL’s data curation goal but
through reusing existing samples rather than generating new ones. The exploration-
exploitation trade-off [204] is fundamental in RL, where an agent must balance between
discovering actions with potentially higher rewards – exploration – and leveraging known
high-reward actions – exploitation – risking convergence to suboptimal policies. This
trade-off parallels query-synthesis AL’s balance between sampling within unknown regions
of the input space and within known informative regions, risking redundancy.

Data pruning, distillation, and coreset selection aim to reduce training set size to
decrease computational costs while preserving model performance [246], similarly to the
example of BERT model mentioned earlier. Curriculum learning [22] curates the order
in which training samples are presented to the model to improve learning speed and
robustness, usually starting with easier samples and gradually increasing difficulty. Data
augmentation techniques [246] perform various transformations on samples to increase
dataset diversity and improve generalisation.

Semi-supervised learning utilises both unlabelled and labelled samples during training
to improve model performance. AL can be viewed as a form of semi-supervised learning
with the common goal of learning more from the unlabelled data, in this case by labelling
it selectively. Continual (lifelong) learning [224] aims to enable models to learn from
a continuous stream of data while retaining previous knowledge, and federated learning
[239] focuses on training models across distributed devices with data being decentralised.
Both fields share similarities with stream-based AL, as they cope with distribution shifts
and real-time unlabelled data. Knowledge distillation methods [133] intersect with query-
synthesis AL, as they involve a teacher model acting as an oracle to label data for training
a student model. Transfer learning [224] focuses on leveraging knowledge from pre-trained
models to improve learning efficiency on new tasks, and can be considered as a method
to improve data efficiency, as it reduces the amount of new labelled data required for
training.

Lastly, to avoid confusion, we clarify several terms. Active vs passive differentiates
whether there is a strategy to make a decision or if a decision is made randomly. Sam-
pling vs selection distinguishes between creating new samples or choosing from existing
ones. Adaptive vs non-adaptive refers to whether a strategy changes based on previous
experiences or remains fixed.

Adaptive or active sampling, in some literature, refers to techniques that strategically
select training samples to form mini-batches for stochastic gradient descent (SGD) op-
timisation to improve convergence [8, 135, 97, 98, 150]. While they share AL’s goal of
improving learning efficiency through data curation, they differ in that AL focuses on
selecting samples for labelling from unlabelled data, whereas active sampling for SGD
selects from already labelled data to form training batches.
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4.3 Classical AL Methods
An AL method consists of two base components: an acquisition function, which scores the
informativeness of individual samples, and an acquisition strategy, which queries samples
based on these scores. However, the distinction between scoring and querying is not
standardised, and many prior works implicitly combine both into a single method.

In this section, we provide an overview of key AL methods categories, which is based
mainly on the two surveys by Settles, 2009 [193] and Li et al., 2024 [123]. The former is
a fundamental work in AL, while the latter is a recent review of the state-of-the-art AL
methods for Deep Learning (DAL).

Uncertainty-based: Select samples where predictions are most uncertain.

Uncertainty may be measured in multiple ways; for example, for classification this
includes distance to a decision boundary or class prediction probability. These scores
are directly provided by the model at inference time but are not always reliable [193],
motivating function variants to mitigate this issue, e.g., margin and entropy sampling.
For regression tasks, these can be obtained from models with predictive distributions
(e.g., Gaussian Processes) or via additional classifiers on residuals.

Ensemble techniques provide uncertainty estimates by measuring disagreement among
multiple models, like Query-by-Committee [194]. Disagreement metrics include output
variance, vote entropy, or Kullback-Leibler divergence, requiring training multiple in-
stances of the model (with different initialisation or architecture). Monte Carlo dropout
approximates model uncertainty by performing multiple stochastic forward passes with
dropout enabled at inference time, producing an empirical output variance across passes.
Recent DAL methods leverage training dynamics [115, 223, 85] or loss approximations
[242] to estimate uncertainty.

Influence-based: Select samples that most change the model or its performance.

These approaches aim to estimate the expected changes in the model or its performance
in a decision-theoretic manner. Initially these methods are proposed for classification
tasks, where the expectation is taken over the possible class labels for each sample in the
pool of “future samples”.

One class measures the change in the model’s parameters; for example, it can be
measured through the norm of the NN’s gradient update when the sample is added to
the training set. Another class measures the reduction in the expected future error of
a model, which aims to reduce future possible incorrect predictions. It can be viewed
in information-theoretic Bayesian frameworks as maximising the mutual information be-
tween the selected sample and the pool of unlabelled samples, for example, [123] distin-
guishes this as a separate category called Bayesian approaches. A related variant measures
the reduction of the error’s variance, where the loss expectation is minimised indirectly by
reducing the variance, using the bias-variance decomposition of the error. This method
can be applied in query-synthesis setting, as the variance can be approximated over the
input space. This approach is closely related to experimental design methods.
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Representative-based: Select samples that increase diversity or coverage.

This complements informativeness-based methods by ensuring selected samples are
not redundant. These methods are also called diversity or density-based. Diversity can
be measured in various ways, e.g., distance in the input space, using clustering methods,
density approximation, similarity measures. Often various lower dimensional representa-
tions of the data are used to compute diversity [105, 12, 203]. Empirical studies show that
combining diversity with informativeness (uncertainty or influence) improves performance
in batch DAL settings [12].

Limitations. Many classical AL methods were designed for pool-based setting and
for relatively low-dimensional problems. They face practical limitations when scaled to
large datasets or high-dimensional spaces [123]. Uncertainty-based methods rely on ei-
ther model’s ability to provide reliable uncertainty estimates, training several models, or
performing several forward passes, all increasing the costs, and might not be feasible in
large-scale cases. Influence-based methods are computationally expensive for large data
and model spaces, as they, for example, require estimating the expected changes over the
pool of unlabelled samples. In query-synthesis setting, this requires approximating the
expectation over the input space, which is not trivial in high dimensions. Diversity-based
methods similarly suffer from the curse of dimensionality, however, working in a lower-
dimensional feature space can mitigate this issue. Recent DAL methods address several
limitations through batch acquisition and learned embeddings [123].

These limitations are particularly pronounced in the context of training data-driven
PDE surrogates, where data generation is expensive, input and output spaces are high-
dimensional spatio-temporal domains, and physics imposes additional constraints. AL
research has become particularly active in this area and especially in the closely related
field of PINNs, where expensive data generation is replaced by strategic collocation point
sampling to enforce physics residuals. In the following sections, we overview state-of-the-
art AL strategies in the context of both PINNs and data-driven surrogates.

4.4 AL for PINN Collocation Points Selection
Although not traditionally framed as AL, collocation point selection in PINNs shares the
same core principle: adaptively identifying the most informative points to minimise train-
ing costs. As discussed in Section 2.3.1, the main computational bottleneck in PINNs
is computation of residuals at collocation points, i.e., calculating partial derivatives of
governing equations at each selected spatio-temporal domain point. While the cost is rel-
atively lower compared to generating simulation data with solvers for selected parameters
(for data-driven surrogates), the choice of collocation points can significantly affect conver-
gence, training stability, and solution propagation in PINNs [180]. We review prominent
methods, primarily residual-based sampling strategies that use residual loss as a way to
quantify uncertainty.

The first adaptive sampling method for PINNs is Residual Adaptive Refinement (RAR)
proposed by Lu et al., 2021 [137], motivated by inefficiency of uniform collocation point
sampling for certain PDEs that exhibit steep gradients. It is conceptually similar to
FEM refinement methods. RAR iteratively adds points in regions with high residuals by
selecting points with the largest residuals from a pool of randomly sampled locations. Gao
and Wang, 2021 [62] samples points proportionally to residuals using Metropolis-Hastings
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MCMC algorithm, and outperforms RAR. Nabian et al., 2021 [159] employs importance
sampling with piecewise constant residual approximations. Wu et al., 2022 [235] proposes
Residual Adaptive Distribution (RAD) method that samples collocation points from a
distribution proportional to residuals and provides a comprehensive benchmark of non-
adaptive and adaptive strategies over a large set of experiments. It shows that residual-
adaptive methods (RAD, RAR-D, RAR) substantially outperform non-adaptive methods
(uniform, Latin Hypercube Sampling, Halton) in terms of accuracy and convergence speed
(2-10× reduced relative error), with RAD being the best overall.

Subsequent works build upon these residual-based methods by improving methods
to approximate residual distributions for sampling. Yang et al., 2022 [240] uses trian-
gular mesh-based estimation, Tang et al., 2022 [209] employs generative models, and
Peng et al., 2022 [167] utilises node generation techniques. More advanced methods in-
clude failure probability posterior models Gao et al., 2023 [63], Gaussian mixture models
Jiao et al., 2023 [91], and Neural Tangent Kernel (NTK) based training dynamics Lau
et al., 2024 [119], which jointly optimise collocation and experimental points. The latter is
computationally expensive due to NTK calculations, although the experiments show faster
convergence yields superior quality at comparable overall training times. Daw et al., 2023
[40] proposes a retain-release-resample (R3) algorithm, which does not require a pool of
candidate points. Instead, at each iteration, it retains points with residuals higher than
average, releases other points, and substitutes these by sampling new random points.
Experiments show that R3 significantly outperforms RAD, while being computationally
efficient.

Uncertainty-based methods offer principled alternatives to sampling from residual dis-
tribution approximation. These include work of Zanisi et al., 2023 [244] that applies
uncertainty-based AL with MC dropout for tokamak turbulence modelling and Aikawa
et al., 2024 [7] that uses variational dropout to assess solution uncertainty.

Instead of selecting collocation points based on residuals, Anagnostopoulos et al.,
Anagnostopoulos et al., 2023, 2024 [10, 11] propose residual-based attention (RBA) reweight-
ing of existing collocation points to improve gradient homogeneity, addressing the infor-
mation bottleneck in PINNs from an optimisation perspective.

4.5 AL for Surrogates Data Generation
The literature that focuses on AL for data-driven PDE surrogates remains quite lim-
ited. Here, we review several representative works highlighting the current state and key
challenges.

One of the most relevant recent works is by Musekamp et al., 2025 [158], which intro-
duces a benchmark AL4PDE for evaluating AL methods applied to deep surrogates and
provides an excellent overview of related work. It includes multiple parametric PDEs,
state-of-the-art surrogate models (UNet, SineNet, FNO), and common pool-based batch
AL algorithms, i.e., uncertainty- and feature-based, including SBAL [106] and LCMD
[80]. The paper provides extensive evaluation of these methods and shows that AL can
improve data efficiency up to 4×. Key findings include:

• AL significantly reduces worst-case errors, improving reliability of the model pre-
dictions;
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• actively selected training data is beneficial for models not used during selection,
enhancing reusability of the datasets;

• pool-based AL methods require sufficient pool sizes for optimal performance;
• uncertainty-based methods with just two small ensemble members outperform ran-

dom sampling;
• model training instability significantly impacts AL methods performance.

The benchmark considers only offline settings that enable pool-based AL methods
directly, as these require 1) retraining the surrogate after each AL selection round and
2) iteratively selecting points from a pre-sampled pool of input parameters. The former
requirement limits applicability to large-scale surrogates like foundation models due to
retraining costs, while the latter raises concerns about pool size affecting both selection
quality and computational costs. In online setting, high compute costs for AL selection
are infeasible. The time it takes to select new points is shown to be comparable to the
training time, which is viable only in offline setting.

Another limitation is the absence of a time-equivalent random baseline: training a
single random dataset matching AL’s final size, but for the total duration of the AL cycle,
i.e., including selection and multiple retrainings, rather than using incremental retraining
as in AL. This approach more accurately reflects the true computational advantage of AL
in terms of data efficiency and model training time.

Bajracharya et al., 2024 [15] investigates benefits of applying AL methods for data-
driven surrogate training, i.e., examines the efficacy of traditional pool-based AL methods
for surrogate modelling. It considers two NN models, ConvNet and UNet, in the context of
two sources heat diffusion problem. Three AL methods are considered: uncertainty-based
using entropy measure obtained with dropout, uncertainty-based using loss estimation
obtained with temporal output discrepancy measure proposed by Huang et al., 2021 [85],
and diversity-based using a coreset constructed based on input parameters diversity. The
exponential weighted MAE loss function is used to adjust for the specific case of two
sources heat diffusion. The experiments show that actively selecting simulation data,
especially when estimated surrogate loss is used, consistently improves surrogate perfor-
mance compared to selecting randomly. It is especially pronounced in the regions of high
error, similar to the finding of Musekamp et al., 2025 [158]. However, it is noted that
the entropy-based uncertainty estimation method imposes substantial computational de-
mands. The study further emphasises that the surrogate model must be chosen carefully
to ensure stable training and to fully benefit from AL methods. Finally, it outlines the
need for establishing appropriate HPC infrastructure to enable efficient on-the-fly data
selection during surrogate training.

Pestourie et al., 2020 [168] outlines that the training cost of surrogates is hindered
by the expense of data generation, especially for high-dimensional input spaces. To ad-
dress this, they apply AL, and successfully reduce the number of required simulations
for training by an order of magnitude compared to uniform sampling. The surrogate
model targets optical-surface components in photonic-device metasurface design, which
is based on Maxwell equation solvers. The approach is uncertainty-based and employs an
ensemble of NNs to estimate uncertainty following Lakshminarayanan et al., 2017 [116].
The method is applied in an iterative, pool-based manner. The results show that certain
regions of the input parameter space are significantly easier for the NN to learn than
others, highlighting the importance of AL. The authors use a five-member ensemble of
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small NNs that produce both predictions and corresponding error estimates for a given
set of parameters. Although the authors describe the algorithm as online, it is in practice
an iterative pool-based method. The NNs, however, are not retrained from scratch like in
Musekamp et al., 2025 [158] but are trained incrementally as new data points are added.
The follow-up work of Pestourie et al., 2023 [169] applies AL for training physics-enhanced
surrogates and achieves data-efficiency gains too.

Vardhan et al., 2022 [220] highlights the challenge of acquiring sufficient training data
and questions expensive Bayesian ensemble-based AL methods. The authors propose
a simple and scalable AL approach that works in a student-teacher manner, using an
approximation of „likelihood to fail” as the acquisition metric, and explore several ac-
quisition strategies. The approach is applied to training surrogates for three engineering
design problems: pressure vessel design, propeller design, and underwater vehicle hull
design. The approach still relies on a pool-based data selection scheme. The results indi-
cate that the proposed method maintains accuracy comparable to baseline random data
selection while reducing the required number of samples by 40%. However, the presented
plots appear inconclusive, and the study does not include statistical analyses to verify the
significance of the results.

Guo et al., 2024 [70] proposes to apply AL in a reduced low-dimensional feature
space to address challenges of adaptive learning with high-dimensional input/output
data and the exploration-exploitation problem. The authors combine distance-based and
uncertainty-based methods and use error estimation as the acquisition metric. Experi-
ments are conducted for training a surrogate that models a manufacturing process simu-
lations of electron beam melting, where generating a single data point can take up to 30
minutes. The approach is pool-based and iterative, as data generation is computationally
expensive and not trajectory-driven. The results demonstrate meaningful improvements
in surrogate accuracy through adaptive sampling, as validated across several benchmark
problems.

Li et al., 2024 [125] identifies collecting training data for FNOs as a costly bottle-
neck. The authors propose a multi-resolution AL method that dynamically selects input
functions and resolutions to reduce costs. They modify the FNO model to integrate multi-
resolution examples and to perform posterior inference. The method employs a pool of
candidates with a utility-cost ratio acquisition function, using an influence-based strategy
based on mutual information function and expected prediction change. Experiments in-
clude Darcy flow, Burgers, diffusion, and Navier-Stokes equations. The approach reduces
data generation costs and improves surrogate’s quality, though it requires retraining the
surrogate model.

Subedi and Tewari, 2025 [202] studies active data collection strategies for operator
learning with bounded linear operators. The authors show that active strategies achieve
significantly faster theoretical convergence rates compared to passive collection, which is
limited to linear decay. The theoretical bounds are empirically validated for the heat and
Poisson equations. The authors emphasise that query-synthesis AL setting is particularly
suitable for surrogate training.

Wu et al., 2023 [236] employs an interactive neural process to train a surrogate model
that emulates stochastic simulators. This approach provides uncertainty quantification
to drive AL method. The framework iteratively queries the solver using Bayesian AL,
enabling continuous improvement of the surrogate with minimal data. This approach
demonstrates substantial acceleration of complex stochastic simulations, such as large-
scale epidemic models.
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Wang et al., 2025 [229] introduces a query-synthesis AL method that optimises se-
lected data points in a continuous space to maximise a policy function that quantifies
informativeness, for example, expected information gain, by using gradient-based update
procedure with explicit control of batch diversity. We believe this method can work well
in an online setting, if the policy function and its optimisation are computationally ef-
ficient and scalable. The method is evaluated within an offline pool-based setting using
AL4PDE benchmark [158] by complementing other AL methods (SBAL, LCMD), thus,
its performance in online setting remains to be seen.

Kim et al., 2025 [101] proposes to select data points within a temporal axis in addition
to the input parameter space. This method is designed to choose which time steps to
simulate with the numerical solver or to approximate with the surrogate model based on
an acquisition function, for example, approximate variance reduction. Similarly to the
previous work, this method is evaluated in an offline pool-based setting by being combined
with SBAL, leaving its applicability in online setting yet to be explored. We believe that
this method fits well within online setting, as the solver and surrogate are interleaved,
but the orchestration of such interplay needs to be carefully designed to ensure no idle
time for either component when synchronised.

Overall, existing work on AL for data-driven PDE surrogates demonstrates that ac-
tively selecting data substantially improves data efficiency and reduces worst-case errors
across a range of benchmarks. Yet most of the methods rely on pool-based selection with
retraining or ensembles, which is computationally demanding and can be difficult to scale
to large surrogates. Taken together, these confirm AL’s promise for PDE surrogate data
efficiency while highlighting key challenges: scaling to online settings, reducing selection
overhead, and exploiting query-synthesis for simulators. This motivates methods effective
under realistic budgets that integrate with large-scale architectures.

4.6 Conclusion
In this chapter, we reviewed AL as a data-centric approach to improve computational
efficiency of DL surrogates training. Prior works in this direction are mostly focused on
pool-based AL methods, which are not directly applicable in the online training setting.
On the contrary, AL for PINN collocation points is closer to our setting, as it belongs
to query-synthesis AL. However, since it does not involve data generation, the methods
developed in this context may overlook the challenges associated with it.

In the next part, we present our contributions to the development of AL methods
for online data-driven surrogate training, addressing its challenges and demonstrating the
efficiency of the proposed methods through extensive experiments. We first develop a
query-synthesis AL method within the context of PINNs, and then advance it to work
within online data-driven settings.
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Introduction to Part II

Building on the background and motivation developed in Part I, Part II presents the
contributions of this thesis in the domain of active learning (AL) for online PDE surrogate
training. The part is organised into three chapters that progress along three axes: from
offline to online training, from explicit-distribution to generative AL methods, and from
low-dimensional simple problems to large-scale nonlinear PDEs.

• Chapter 5 introduces Breed, a loss-driven AL method for adaptive sampling of
training points, and demonstrates its effectiveness on two offline benchmarks: a
data-driven toy-simulator surrogate and a PINN.

• Chapter 6 extends Breed to the online training setting, introduces an active sam-
pling mechanism within the Melissa framework, and evaluates the resulting methods
through a sequence of experiments of increasing complexity on several PDEs.

• Chapter 7 presents OGAS, a generative AL method that efficiently learns a high-
dimensional evolving sampling distribution, and demonstrates its superior perfor-
mance compared to Breed and adapted pool-based AL baselines in large-scale ex-
periments across multiple PDEs and surrogate architectures.

The part is followed by an overall thesis conclusion that summarises these contribu-
tions, discusses their implications and limitations, and outlines future research directions.





Chapter 5

Adaptive Sampling of Collocation
Points for PINNs

This chapter is based on the following publication:

[46] Sofya Dymchenko and Bruno Raffin. Loss-driven sampling within
hard-to-learn areas for simulation-based neural network training. In

MLPS 2023 - Machine Learning and the Physical Sciences Workshop
at NeurIPS 2023 - 37th Conference on Neural Information Processing

Systems, pages 1–5, New Orleans, United States, December 2023.
URL https://hal.science/hal-04305233.

As described in Section 2.3.1, physics-informed learning framework was introduced by
Raissi et al., 2019 [176] in order to constrain deep surrogates to respect physical laws
described by PDEs. These laws are incorporated as regularising components into the NN
loss function, which is evaluated to comply with the governing equations at collocation
points within the spatial-temporal PDE domain.

While PINNs have shown promising results in various applications [216], training
them efficiently and accurately remains a significant challenge [180]. In particular for
high-dimensional and highly-nonlinear problems, a careful selection of collocation points
is necessary to capture steep gradients and sharp transitions in the solution, while keeping
the computational cost manageable. Strategies that adaptively select collocation points
based on the model’s performance have been proposed to address this challenge, as re-
viewed in Section 4.4.

In this chapter, we present our contribution to adaptive sampling strategies for PINNs
[46], where we introduce a novel method called Breed. It adaptively samples colloca-
tion points based on the residual loss of the model by building a proposal distribution
that approximates the loss distribution over the input domain. The method addresses
exploration-exploitation trade-off by balancing the sampling between high-loss regions
and uniform distribution in a scheduled manner. The experiments demonstrate Breed to
converge faster and achieve lower errors compared to both uniform and R3 [40] sampling
methods when evaluated on two benchmarks: a data-driven toy-example of imbalanced
pits gradient descent (IPGD) and a PINN solving the Allen Cahn equation in 1D.

The chapter is organised as follows: Section 5.1 outlines the problem setup and presents
related work methods, Section 5.2 describes and discusses the proposed method, Sec-
tion 5.3 details the experimental benchmarks and discusses the experimental results, and
finally, Section 5.4 concludes the chapter and outlines future directions.
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5.1 Background
We first outline the problem setup for PINNs and then present related work methods for
adaptive sampling of collocation points in PINNs.

5.1.1 Problem Setup
For PINNs, we consider the problem of training a NN fθ(x, t) to learn the solution u(x, t)
of a given PDE by (1) approximating residuals of the governing equation at collocation
points in the domain and minimising the residual loss Lr and, optionally, (2) fitting IC/BC
and data points, by minimising the data loss Lu (Eq. (2.14)).

Specifically, the residual loss is defined as:

Lr(θ) = ES∼p(x) [rθ(x)] ≈ 1
N

N∑︂
i=1

ℓ(rθ(xi)), (5.1)

where S = {xj}Nj=0 is a set of collocation points x := (x, t) ∈ U ⊂ Rd sampled from dis-
tribution p(x), and rθ(x) is the residual of the governing equation evaluated at the NN
output as in Eq. (2.11).

The baseline approach is to sample collocation points uniformly across the domain,
i.e., p(x) ∼ Unif(U), and keep the training set static during training. Alternatively, quasi-
uniform sequences, like Latin Hypercube Sampling (LHS) or Hammersley, can be used
to fill the domain more evenly. Otherwise, to avoid overfitting to a static set of points,
collocation points can be resampled uniformly periodically during training, i.e., every p
training iterations.

Contrastingly, the training set can be updated in adaptive manner, i.e., based on the
model’s performance. From the active learning (AL) perspective, the goal is to optimise
the training set S by selecting the most informative points in the domain that improve
the model’s performance. While AL methods aim to reduce labelling costs, adaptive
sampling in PINNs aims to reduce computational costs by using fewer collocation points
and fewer training iterations to achieve the same generalisation error. Both non-adaptive
and adaptive strategies were extensively studied in Wu et al., 2022 [235].

Adaptive selection of IC/BC and data points is also possible but we focus on collocation
points only, as they are the main computational bottleneck in training PINNs, following
the related work methods (at the time this contribution was done).

5.1.2 Related Work
In Section 4.4, we gave an overview of adaptive sampling strategies for selecting collocation
points in PINNs. Here, we focus on two related works that were the state-of-the-art at
the time this contribution was done: the group of Residual-based Adaptive (RA) methods
[137, 159, 235], and the Retain-Resample-Release (R3) method [40]. These methods rely
on per-sample residual losses to manage the training collocation set, but differ in their
strategies for selecting and updating points.

The group of residual-adaptive methods perform selection of collocation points from a
large finite pool P of candidate points sampled uniformly from the domain. The training
set is updated periodically, i.e., after every p training iterations, by evaluating the residual
loss at all points in the pool using the current state of the NN. The methods differ in
how they update the training set S(i) at each resampling round i: RA-Refinement (RAR)
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[137] adds m points with the highest residual loss to the existing training set, where m≪
|S(i)|≪ |P|; RAR with distribution (RAR-D) [159] adds m points sampled proportionally
to their residual loss values; RA-Distribution (RAD) [235] replaces the entire training set
by sampling |S(i)| points from the pool proportionally to their scaled residual loss values.
RAR and RAR-D incrementally grow the training set and possibly include repetitive
points, as the same points can be selected multiple times across iterations, while RAD
maintains a constant training set size by replacing all points at each iteration.

These methods have two main limitations stemming from a pool-based approach.
First, the cost of evaluating the residual loss over the entire pool during each resampling
round grows with size of the pool and the model complexity. Second, to adequately
represent the domain, the pool must be sufficiently large and well-distributed, which can
be challenging in high-dimensional spaces. This can lead to missing critical regions of
the domain that require more collocation points for accurate learning. The RAR and
RAR-D methods also suffer from potential overfitting due to repeatedly adding the same
high-loss points to the training set without removing old points, while RAD may cause
catastrophic forgetting by replacing the entire training set.

To mitigate catastrophic forgetting and pool-based related limitations, Daw et al., 2023
[40] proposed the R3 method, which maintains a constant-size training set by retaining
high-loss points from the current training set, releasing not-retained low-loss points, and
resampling new points uniformly to fill the remaining slots. The method updates the
training set at every iteration, i.e., p = 1, as there is no need to evaluate the residual
loss over a large pool, which allows for more frequent adjustments based on the model’s
performance. At every training iteration i, the method uses computed per-sample residual
losses rj = ℓ(rθ(xj)) for every collocation point in the current set S(i), and calculates the
threshold loss value τ as the average of these losses. The next training set is formed as
follows:

S(i+1) = Sret ∪ Snew,

where Sret = {xj ∈ S(i)|rj ≥ τ},
and Snew = {xk ∼ Unif(U)|k = 1, . . . , N − |Sret|}.

(5.2)

The conducted experiments [40] have shown that R3 outperforms every aforementioned
residual-adaptive method and baselines in terms of convergence speed and final accuracy
on several benchmarks.

5.2 Methodology of Breed
In Dymchenko and Raffin, 2023 [46], we proposed a novel query-synthesis AL method
called Breed (Balance Ratio and EnhancE Density), which can be applied to adaptively
sample collocation points for PINNs and for general NNs with parametrised input space
as well. Using computed per-sample losses, the method samples new points in Gaussian
neighbourhoods of existing points proportionally to their loss values to enhance the sam-
pling density in high-loss regions. The method balances the sampling between high-loss re-
gions and uniform distribution in a scheduled manner to address exploration-exploitation
trade-off.
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Algorithm 1 Offline Breed AL method: Training points sampling algorithm.
Require: PDE domain U ; NN model fθ(x), per-sample loss function ℓθ(x), maximum

number of training iterations M ; size of the training points set N , resampling
period p, neighbourhood width σ, maximum number of OOB attempts oobmax,
concentrate-explore control value schedule (ε(0), ε(c), c).

1: S ← {N points sampled from Unif(U)}
2: i← 0
3: while fθ is not converged and i× p < M do
4: Train fθ using S for p iterations
5: rj ← ℓθ(xj) for each xj ∈ S
6: Obtain probability vector (l1, . . . , lN) ▷ Eq. 5.3
7: Nc ← ⌊N · ε(i)⌋ with updated ε(i) ▷ Eq. 5.7
8: Select Nc parent points from S with replacements with (l1, . . . , lN) and
9: obtain children points count mj for each xj ∈ S

10: Sc ← ∅
11: for j = 1, . . . , N do
12: for k = 1, . . . , mj do
13: x

(k)
j ∼ N (xj, σ2I)

14: Counter of attempts oob← 0
15: while x

(k)
j /∈ U do ▷ Resample until in bounds

16: oob← oob + 1
17: if oob > oobmax then ▷ If too many failed attempts, sample uniformly
18: x

(k)
j ∼ Unif(U)

19: x
(k)
j ∼ N (xj, σ2I)

20: Sc ← Sc ∪ {x(k)
j }

21: Nu ← N −Nc

22: Su ← {Nu points sampled from Unif(U)}
23: S ← Sc ∪ Su
24: i← i + 1
25: return fθ

5.2.1 Sampling Algorithm
We describe the method for the PINNs training setup. In Algorithm 1, we outline the
complete training procedure with Breed sampling algorithm for general NNs, which can
be directly applied to PINNs by replacing the loss function ℓθ(x) with the residual loss
ℓ(rθ(x)) evaluated at collocation points. In Figure 5.1, we illustrate the sampling proce-
dure.

Similar to the related work methods, every p training iterations, the current set S of
N training points x is updated at the resampling round i using per-sample residual loss
rj for every point in the current training set using the current NN parameters θp×i.

A probability vector (l1, . . . , lN) is constructed based on these losses:

lk := rk∑︁N
j=1 rj

, (5.3)

and used to choose a random combination with replacements of Nc points from the current
set S, that will serve as parents for sampling new points – children – in their neighbour-
hoods. The number of times each point xj is selected is denoted as mj, which determines
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r1 = 2.59

m1= 1
l1 = 0.2

r2 = 7.77

m2= 2
l2 = 0.6

r3 = 1.29

m3= 1
l3 = 0.1

domain U

Nc = 4

N   = 6
Nu = 2

current
new

Figure 5.1: Breed sampling algorithm illustration. A training set size is N = 6, a
concentrate-explore control value is ε(i) = 0.66, which gives Nc = 4 and Nu = 2, as
indicated. Symbols “×” indicate points of the current training set S: in grey colour are
points with zero children count, in colour are points with non-zero children count and text
near them indicating their loss rk, probability lk, and children count mk values. Symbols
“◦” indicate points of the new training set: in black colour are points of the uniform
set Su, in colour are points of the concentration set Sc sampled around parents of the
respective colour.

how many children will be sampled around this parent point. As the selection is done
with replacements, it is possible that some points are not selected at all (mj = 0), while
others can be selected multiple times (mj > 1). The total number of selected parents is
Nc = ∑︁N

j=1 mj.
A children point xchildj is sampled from a Gaussian neighbourhood around its respec-

tive parent xj:
xchild
j ∼ N (xj, σ2I), (5.4)

where σ is a scalar hyperparameter defining the neighbourhood width. If a sampled child
point falls outside the input domain U , it is resampled until it lies within the domain or
the maximum number of resampling attempts oobmax is reached, after which a uniformly
random point from the valid input space is generated.

A concentration set Sc, a set of points sampled in a loss-driven manner, contains all
these children points, like:

Sc =
N⋃︂
k=1

{︂
xchildk
j

⃓⃓⃓
k = 1, . . . , mj

}︂
(5.5)

A uniform set Su, a set that ensures exploration of the input space and retains previ-
ously learned knowledge, is created by sampling Nu = N −Nc points uniformly from the
input domain U , like:

Su =
{︂
xuniformk ∼ Unif(U)

⃓⃓⃓
k = 1, . . . , Nu

}︂
. (5.6)
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Finally, the training set is updated as S = Sc ∪ Su and used for the next p training
iterations.

The size Nc is defined through a concentrate-explore control value ε(i) ∈ [0, 1], i.e.
Nc = ⌊N ·ε(i)⌋, which balances the number of concentrated points and uniformly sampled
points. The value ε(i) can be scheduled over resampling rounds i with various strategies.
We propose a linear-constant schedule that is expressed as:

ε(i) = ε(0) + min (i/c, 1) · (ε(c) − ε(0)), (5.7)

where triplet (ε(0), ε(c), c) are hyperparameters of the schedule, i.e., ε(0) is the starting
value which linearly grows to the ending value ε(c) over c resampling rounds, and then
remains constant.

5.2.2 Discussion
Concentration-exploration balance. A controlled balance between concentrating
and exploring training points is a known approach in reinforcement learning, where it ad-
dresses the exploration-exploitation dilemma and is called an epsilon-greedy policy [204].
The approach also relates to stability-plasticity dilemma and catastrophic forgetting phe-
nomenon [99]. All of these concepts regard the model’s ability to learn new knowledge
while retaining previously learned knowledge, which is essential in non-stationary envi-
ronments with distribution shifts in data. Compared to the R3 method, Breed provides
a more explicit control over the ratio of concentrated and uniform points.

We explored different non-adaptive control schedules, i.e., linear, exponential, poly-
nomial, step function, and found that the linear-constant schedule works best in our
experiments. We hypothesise that it is due to a warm-up phase, where more random
points are present, followed by a gradually increased exposure of the model to harder
points. This technique is similar to the curriculum learning concept [22], where the model
is exposed to easier examples first, and then progressively harder ones. However, tuning
the schedule hyperparameters (ε(0), ε(c), c) is tedious and problem-dependent. An adaptive
control approach that adjusts the mixing ratio based on the model’s performance could
be more effective.

Computational complexity. The computational complexity of the Breed method is
moderate and comparable to related work methods.

First, re-calculating per-sample losses incurs an overhead for large models and training
sets, especially if several passes are required, i.e., when the number of points exceeds the
maximum possible batch size. Compared to the related work methods, the proposed
method does not mitigate this overhead, however, the overhead is smaller than for RA-
based methods that require evaluating losses over a large pool of candidate points.

Second, weighted selection of Nc points with replacements has complexity O(Nc),
which is comparable to or lower than: sorting in RAR O(|P| log |P|), weighted selec-
tion in RAR-D O(m) and in RAD O(N), and ranked selection in R3 O(N). Vectorised
implementations and parallelisation can further reduce the overhead.

Third, sampling from a multivariate Gaussian distribution has complexity O(d3),
which is decreased to O(d) for diagonal covariance matrices. Compared to related work
methods, this is an additional overhead, which can create a bottleneck for very high-
dimensional input spaces. In practice, for PINNs, the input dimensionality is typically
low, making this overhead negligible.
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Fourth, complexity of concentrate set creation is O(Nc) but can be parallelised across
parents, as sampling around each parent is independent of others. Similarly, complexity
of uniform set creation is O(Nu), which can be parallelised.

Total complexity of a resampling round of the method (not vectorised and without
parallelisation) is:

O (p(N, d, |θ|) + N + Nc · d) , (5.8)
where p(N, d, |θ|) is the complexity of computing per-sample losses for N points of d
dimensions for model size |θ|, which for the PINNs residual loss will additionally depend
on the PDE complexity, i.e., derivative orders.

For other methods, the total complexity of a resampling round is:

• RAR: O (p(|P|, d, |θ|) + |P| log |P|+ m),
• RAR-D: O (p(|P|, d, |θ|) + m),
• RAD: O (p(|P|, d, |θ|) + N),
• R3: O (p(N, d, |θ|) + N).
• Uniform resampling: O (N).

Overall, the method incurs a small computational overhead compared to R3 method,
while being more efficient than RA-based methods that require evaluating losses over a
large pool of candidate points P . For all sampling methods, p(N, d, |θ|) dominates the
total complexity, being the main bottleneck that has to be addressed.

Non-adaptive neighbourhoods. Another limitation of the Breed method is the use of
diagonal covariance matrix for the Gaussian neighbourhoods. While this choice simplifies
the sampling procedure and reduces computational overhead, it may not capture the true
geometry of high-loss regions in the input space. Anisotropic covariance matrices, i.e., with
non-zero off-diagonal elements, that adapt to the local structure of the loss landscape could
potentially improve the sampling efficiency and model performance. However, estimating
such covariance matrices with low computational cost is a challenging task.

Additionally, the width hyperparameter σ is fixed for all parents, all resampling rounds,
and is used to create neighbourhoods of the same width in all directions. Similarly,
while being a straightforward choice, it may not be optimal for all regions of the input
space. Moreover, for points near the boundaries of the domain, a large σ can lead to
excessive resampling outside the domain, resulting in increased resampling attempts and
computational overhead. An adaptive approach that adjusts σ based on the local loss
landscape, past loss history, joint loss distribution over the points, or the distance to the
domain boundaries could enhance the sampling efficiency and model performance.

Out-of-boundary resampling. While rejection sampling with a maximum number of
attempts and fallback to uniform sampling is a simple and effective method for handling
out-of-boundary (OOB) samples, it has its limitations. This strategy may repeatedly hit
the oobmax limit, which adds sampling overhead. This effect worsens in higher-dimensional
parameter spaces, where the acceptance rate of rejection sampling tends to decrease [182].
Drawing uniformly from the entire input space even when only one dimension violated its
bounds is too coarse, as it discards the locality information provided by the parent sample,
thus potentially hindering the ability to focus on informative regions of the parameter
space.
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Relation to importance sampling. The proposed method echoes an adaptive mul-
tiple importance sampling (AMIS) approach, where samples are drawn from a mixture
of proposal distributions that are adapted based on the target distribution [31], and
specifically the Population Monte-Carlo (PMC) algorithm [35]. In Breed, the target loss
distribution is approximated over the input domain, and the proposal distributions are
Gaussian neighbourhoods centred at previously sampled training points. However, the
main conceptual difference with AMIS is that the target distribution is non-stationary
and defined implicitly through the model’s performance.

Elvira and Chouzenoux, 2022 [48] proposes an optimised PMC algorithm that updates
not only the locations but also the covariances of the proposal distributions, exploiting
geometric information of the target distribution. This is similar to the aforementioned
discussion of the non-adaptive neighbourhoods. Pal et al., 2023 [163] employs a normal-
izing flow generative model to construct more expressive proposal distributions in AMIS
framework, a particularly interesting direction for improving the sampling efficiency of
the Breed method, especially in high-dimensional input spaces.

Additionally, the sampling algorithm resembles evolutionary and genetic algorithms
[157], where a population of candidate solutions is evolved over iterations through se-
lection, mutation, and crossover operations, and cross-entropy methods [157], where a
distribution over the solution space is iteratively updated based on the performance of
sampled solutions – some ideas from these fields could be potentially adapted to further
improve the sampling efficiency and model performance of the proposed method.

5.3 Experiments
To evaluate the performance of the proposed Breed method, we conduct experiments on
two distinct benchmarks against the R3 [40] and a uniform resampling methods. We
choose to compare to R3 as it was shown to outperform other residual-adaptive methods
in Daw et al., 2023 [40], and uniform resampling was shown to be a strong baseline in Wu
et al., 2022 [235]. Each experiment is run with 5 different random seeds to account for vari-
ability due to random initialisation and sampling. We assess the results quantitatively by
measuring validation loss over training iterations and qualitatively by visualising the loss
distribution over the input domain. The Python implementation of Breed, experimental
setup, and validation datasets can be found at https://gitlab.inria.fr/breed/breed.

5.3.1 Benchmarks
Here we present the two benchmarks: (1) a data-driven NN surrogate of a toy-simulator
of gradient decent on a surface, which we designed specifically to test adaptive sampling
methods, and (2) a PINN learning the solution of Allen Cahn equation in 1D, following
the setup from Daw et al., 2023 [40].

Imbalanced Pits Gradient Descent (IPGD) Toy-Simulator

Let’s first introduce the toy-simulator benchmark. Consider a surface in 3D space ex-
pressed as a sum of M Gaussian pits, defined as:

z = f(x, y) =
M∑︂
i=1

wi · exp
(︄
−(x− xi)2 + (y − yi)2

2ω2
i

)︄
, (5.9)

https://gitlab.inria.fr/breed/breed
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Figure 5.2: Illustration of the IPGD sur-
face and two toy-simulator trajectories
starting from different points.

Figure 5.3: Illustration of the sensitive re-
gion on the IPGD surface (red-coloured
points), where the gradient is near-zero
and the output is highly sensitive to small
changes in the input.

where centres (xi, yi), weights wi, and widths ωi are configurable parameters. Specifically,
we configure an imbalanced pits (IP) surface with M = 4 and the following parameters:

• input domain U = [−2, 2]2,
• centres C1 = (−0.5,−0.5), C2 = (1.5, 1.5), C3 = (1.5,−1.5), C4 = (−1.5, 1.5),
• weights w = (0.895, 0.005, 0.05, 0.05), and widths ω = (0.4, 0.008, 0.5, 0.5).

It results in two highly imbalanced pits with centres C1, C2 and two additional wide
and shallow pits with centres C3, C4. The former two pits create a surface with a sensitive
region in their intersection, where the gradient is near-zero. The latter two pits are added
to prevent flat regions outside the first two pits.

The toy-simulator performs gradient descent (GD) on this surface. The input of the
simulator is a 2D point (xs, ys), which is projected onto the surface as (xs, ys, f(xs, ys)).
From this starting point, the simulator runs GD until convergence in a local minima point
(xm, ym, zm). The output of the simulator are the coordinates (xm, ym). The goal of the
surrogate NN is to learn this mapping from input points (xs, ys) to the corresponding
minima points (xm, ym). See an illustration in Figure 5.2.

Given the IPGD surface configuration, there are two possible minimum points, one
in each of the two imbalanced pits. The challenging aspect of this benchmark is the
high sensitivity of the output to small changes in the input within the near-zero gradient
intersection of the pits. A small perturbation in the input can lead to a switch in the
converged minimum from one pit to another, resulting in a significant change in the
output. This behaviour creates a complex decision boundary in the input space that the
NN surrogate must learn to accurately predict the correct minimum for any given input.

Uniform sampling of training points results in the sensitive region being represented
worse than other regions of the input space due to its relatively smaller area. As illustrated
in Figure 5.3, the sensitive region is small and concentrated, while the majority of the
points lie in regions with smooth gradients. As a result, number of training points required
to sufficiently cover the sensitive region increases.

The goal of adaptive sampling methods is to find a sampling distribution that in-
creases data efficiency by focusing on informative regions of the input space. In IPGD
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Figure 5.4: Example of the 1D Allen Cahn equation solution. On the left, the solutions at
different time steps are shown as line plots, with x-axis representing the spatial dimension,
y-axis representing the solution value, and colour of the line indicating associated time
step. On the right, the same trajectory is shown as a heatmap, where the y-axis represents
the spatial dimension, the x-axis represents time, and the colour indicates the solution
value.

case, one can visually identify such regions, or use gradient magnitude of the surface as a
proxy for informativeness. However, for not-toy problems with black-box solvers and com-
plex governing equations, defining optimal distribution a priori is not as straightforward.
Therefore, to guide the sampling process, adaptive methods must rely on the information
that can be gained during training.

In our experiments, to evaluate a surrogate performance within the sensitive region,
we create an “area-of-interest” hard validation set, which consists of 10k points sampled
uniformly within the region where the surface’s gradient is less than 4×10−3. The regular
validation set of 10k points is sampled uniformly across the whole input domain.

Training and Breed hyperparameters. For the surrogate model, we use a shallow
fully-connected NN architecture of 4 hidden layers ([64, 32, 16, 8]) and ReLU activations.
It is trained for 100 epochs using a training set of size N = 1000, which is resampled every
p = 1 epoch. We use Huber loss, which is a combination of L1 and L2 losses, where small
errors (below a threshold δ = 1.0) are penalised quadratically, and large errors (above
the threshold) are penalised linearly. We choose Huber loss over MSE loss as it is more
robust to outliers, which are present in the sensitive region due to abrupt changes in the
output.
The model is trained using Adam optimiser with a learning rate of 10−2, weight decay of
5 · 10−5, and batch size 50. The learning rate uses a reduce-on-plateau scheduler, where
it is reduced by a factor of 0.1 when the regular validation set loss does not significantly
improve for 5 consecutive epochs. We tuned these hyperparameters to achieve the best
performance when trained with uniform baseline.
For Breed, we use schedule parameters (ε(0) = 0.15, ε(c) = 0.7, c = 25), width σ = 0.005,
i.e., neighbourhoods widths are about 0.005× 6 = 0.03 in diameter, which for the domain
length of 4 (U = [−2, 2]2) results in approximately 0.75% in each dimension.
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Allen Cahn Equation PINN

The second benchmark is based on [40], where a PINN model is trained to solve Allen
Cahn (AC) equation in 1D. It is a nonlinear reaction-diffusion equation that models inter-
face motion in time, e.g., phase separation in alloys. The solution exhibit steep gradients
and sharp transitions, making the choice of collocation points critical for accurate approx-
imation. See the illustration of the solution in Figure 5.4.

We follow the same experimental setup as in Daw et al., 2023 [40]. The AC PDE is
defined on the spatial domain Ux = [−1, 1] on time interval [0, 1] as:

∂u

∂t
− 0.0001∂2u

∂x2 + 5u3 − 5u = 0, (5.10)

with initial condition (IC) and periodic boundary conditions (BC):

u(x, 0) = x2 cos(πx), u(t,−1) = u(t, 1), ∂u

∂t

⃓⃓⃓
x=−1

= ∂u

∂t

⃓⃓⃓
x=1

. (5.11)

The PINN model is a fully-connected NN architecture of 4 hidden layers ([128, 128, 128,
128]), with hyperbolic tangent activations, and periodic encoding, which encodes input
(t, x) into a vector:[︃

t, 1, cos
(︃2π

L
x
)︃

, sin
(︃2π

L
x
)︃

, . . . , cos
(︃2πM

L
x
)︃

, sin
(︃2πM

L
x
)︃]︃

, (5.12)

where M = 10 and L = 2, as in Daw et al., 2023 [40], thus the input dimension is 22.
The model is trained for 50,000 epochs using a collocation training set of size N = 1000,
which is resampled every p = 1 epoch, to minimise residual MSE loss. IC/BC losses are
also included in the total loss computation using fixed training sets obtained from the
ground-truth solution. The ground-truth solution is discretised on 128 spatial grid points
over 101 timesteps (including initial condition), which is used for validation and IC/BC
training sets, following Daw et al., 2023 [40]. The total loss is a weighted sum of residual
loss over collocation points and IC/BC data losses with weights 1 and 100, respectively.
The model is trained using Adam optimiser with a learning rate 10−3 and scheduled to
decay by a factor of 0.9 every 5000 iterations.

For Breed, we use the schedule parameters (ε(0) = 0.15, ε(c) = 0.7, c = 2000), width
σ = 0.001, i.e., neighbourhoods widths are about 0.001 × 6 = 0.006 in diameter, which
for the spatial domain size 2 (Ux = [−1, 1]) results in approximately 0.3% of the spatial
domain.

5.3.2 Results
In both benchmarks, Breed shows faster convergence, lower validation errors, and more
reliable training compared to the R3 and uniform resampling methods.

For the IPGD benchmark, we present the average validation loss over training iter-
ations in Figure 5.5 for regular (5.5a) and hard (5.5b) validation sets. In both cases,
Breed achieves about 3× lower error than uniform resampling and one magnitude lower
error than R3, outperforming them consistently throughout training. Moreover, we can
see how big is the difference in scale of errors between regular and hard validation sets,
which highlights the challenge of learning within the sensitive region. Specifically, on
the regular validation set, uniform resampling reaches average error around 8.5 × 10−3,
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while on the hard validation set, the error is around 1.9× 10−1. For Breed, the respective
errors are around 3 × 10−3 and 0.7 × 10−1. This highlights that non-uniform adaptive
sampling methods are necessary to improve performance in such regions, and Breed is
able to achieve this effectively while reducing overall error.

To visually analyse and assess the performance within the sensitive region, we illustrate
predictions and loss distributions over the input domain after training with Breed in
Figure 5.7 and uniform resampling in Figure 5.8. We use both scattered point-plots and
histograms to present these distributions. For Breed, we observe a more clear separation
between the two minima in predictions, indicating that the model has learned the decision
boundary more accurately. The loss value is distributed more uniformly across the input
space, with fewer high-loss points, especially within the sensitive region. The histograms
further confirm this, showing that Breed has a tighter right-tail loss distribution with
fewer outliers.

For Allen Cahn benchmark, we present the relative L2 validation error over training
iterations in Figure 5.6. We observe higher variability across random seeds for this bench-
mark compared to IPGD, which indicates that the training is less stable and more sensitive
to initialisation and sampling. Motivated by this observation, we present both the aver-
age error over random seeds (5.6a) and individual runs (5.6b) to provide a comprehensive
view of the results.

Breed shows notably faster and more reliable convergence compared to both R3 and
uniform resampling. Uniform resampling manages to converge in 1/5 runs at approxi-
mately 30k iterations, while R3 converges in 3/5 runs at approximately 13k, 20k, and
25k iterations, respectively. In contrast, Breed converges in 5/5 runs at approximately 7k
iterations. Interestingly, the moment of reaching the highest ε(c) ratio (at 2k iterations)
coincides with the start of the decrease in validation error for all runs, with a significant
drop later (at 5k iterations), indicating that focusing more on high-loss regions at this
stage of training is beneficial for convergence.

5.3.3 Discussion
The experimental results demonstrate effectiveness of the proposed method, however,
the experimental scope is limited to two low-dimensional benchmarks and two baseline
methods. Performing more extensive experiments for higher-dimensional nonlinear and
chaotic problems would strengthen the evidence of the method’s effectiveness. An ablation
study of the method’s components, such as the sampling schedule and neighbourhood
width, is necessary to provide insights into their contributions to the overall performance.

Considering experiments with PINNs, prior related work methods have performed
sampling of collocation points only, without adapting IC/BC and data points, and the
proposed method follows this approach. However, we noticed in our experiments that
optimising the residual loss alone can create imbalance among loss components in the
PINN’s multi-objective optimisation. This imbalance hinders the model to converge to a
correct solution, as it fails to propagate IC/BC and data information. Therefore, extend-
ing the method to adaptively sample these points jointly with collocation points could
improve convergence and stability of PINNs, as it was proposed by Lau et al., 2024 [119].
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5.4 Conclusion
In this chapter, we presented the Breed method for adaptive sampling of training points
for data-efficient training of NNs. By sampling in Gaussian neighbourhoods of current
training points proportionally to their loss values, Breed enhances the density of training
points in high-loss regions. Using concentrate-explore control value, the method balances
the sampling between high-loss regions and uniform distribution in a scheduled manner
to address exploration-exploitation trade-off, with a linear-constant schedule proposed to
gradually increase the exposure of the model to harder points. The method was evaluated
on two benchmarks: a data-driven NN surrogate of a toy-simulator of gradient descent on
an imbalanced surface, that is specifically designed to test adaptive sampling methods,
and a PINN learning the solution of Allen Cahn equation in 1D. The results demonstrated
that Breed outperforms both R3 and uniform resampling methods in terms of convergence
speed, final accuracy, and training reliability, showing visible improvements in capturing
complex regions of the input space. In the next chapter, we build upon the presented
method and extend it for data-driven surrogate training within an online setting.
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(a) Regular validation set. The y-axis is in log-scale.
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(b) Hard validation set of points within the area-of-interest where the surface gradient is
less than 4× 10−3.

Figure 5.5: IPGD benchmark: Validation loss over training iterations for Breed, R3 and
uniform sampling. The plots present distribution over 5 random seeds as mean (line)
and standard deviation (shaded area). Evaluation is done on (a) regular and (b) hard
validation sets.



5.4. CONCLUSION 79

0 10000 20000 30000 40000
Iteration

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1
R

el
at

iv
e 

L2  
er

ro
r

Validation set
Uniform
R3
Breed

(a) Distribution over 5 random seeds.
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(b) Individual runs for 5 random seeds.

Figure 5.6: Allen Cahn benchmark: Validation error over training iterations for Breed, R3
and uniform sampling. The plots present (a) distribution over 5 random seeds as mean
(line) and standard deviation (shaded area), and (b) individual runs for each random
seed.
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Chapter 6

Online Active Learning for
Data-Driven Surrogates

The previous chapter established Breed as an effective AL method for offline surrogate
training. Translating this approach to the online setting, however, is not straightforward:
the continuous production-consumption loop that defines online training imposes con-
straints that are fundamentally different from those of epoch-based workflows. An AL
method that is efficient and principled in the offline setting may be disruptive, too slow,
or simply inapplicable when data generation and model training proceed concurrently and
resources are shared.

This chapter develops the online variant of the Breed method and its integration into
the Melissa framework, progressing from design principles to a proof-of-concept valida-
tion and then to large-scale experiments on challenging PDEs. Section 6.1 motivates and
formalises design considerations for AL methods for online surrogate training, proposing
the pillars of online AL and requirements for an active sampling mechanism. Section 6.2
describes the resulting method: the adaptation of Breed to the online setting and the ac-
tive sampling mechanism implemented within Melissa. Section 6.3 validates the approach
on 2D heat transfer, a tractable problem that permits systematic study of the method’s
behaviour and hyperparameters. Section 6.4 scales the experiments to nonlinear, chaotic
PDEs and autoregressive surrogates, introduces an improved implementation of the active
sampling mechanism addressing limitations identified in the proof-of-concept stage, and
provides a broader empirical analysis of the method’s effectiveness and limitations.

6.1 Online Training with AL Design
The online approach to training data-driven surrogates brings several challenges that have
to be addressed when designing an AL method and its implementation. The main goal of
online training is to maintain an optimised production-consumption process with minimal
idle resources. Therefore, the AL method must be designed to operate efficiently within
these constraints and not disrupt the workflow, as well as to work with the specificities
of online training.

In this section, first, we attempt to formulate the requirements for an AL method in
the context of online data-driven surrogate training, which we refer to as the pillars of
online AL method. These pillars serve as guidelines for developing AL methods that are
compatible with online training and can effectively enhance the training process without
introducing significant overhead or delays. Then, we discuss requirements to a mechanism

83
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that provides the necessary infrastructure for the AL method to operate within the online
training framework, which we call the active sampling mechanism.

6.1.1 Pillars of Online AL Method

I. The AL method must not require pauses in the surrogate training process
to compute acquisition metrics.

Traditional AL methods often require additional passes through the NN to compute
acquisition metrics over a candidate pool or a training dataset. While this is feasible in
offline training, within online training these additional passes would stop consumption of
generated data, leading to idle solver resources. One possible solution is to maintain a
separate copy of the NN for the AL purposes, however, this doubles the GPU resources
required.

II. The AL method must work with limited availability of generated data.

Within online training, only a subset of generated data is available in the buffer for
training, and therefore, for the AL method. However, solver input parameters are stored
for all generated simulations, and thus, the AL method can use them to select new samples
for generation.

III. The AL method must be light-weight in compute and memory require-
ments, i.e., inferior to surrogate training and data generation.

Similarly to the previous two pillars, this constraint stems from the requirement of
maintaining uninterrupted production-consumption process under limited resources. The
AL method should not compete with the surrogate training or data generation for re-
sources, as it would lead to suboptimal utilisation of resources and increased idle times.
Therefore, the AL method should be designed to be light-weight in terms of both com-
pute and memory requirements. Again, AL method can be executed on separate resources
to alleviate this constraint, however, this increases required resources and can introduce
communication overheads.

Moreover, the AL method has to be reactive, i.e., sampling of input parameters for
next simulations to produce has to be fast enough as to still be relevant for the NN state
when these newly generated samples arrive for training. The time it takes for new samples
to be generated depends on the solver complexity, and it is increased by the complexity
of the AL method to sample new input parameters.

IV. The AL method should work with solver input parameters and simulation
trajectories, where NN training samples are substeps of the trajectories.

The typical AL setup is based on selecting points in the input space of the NN model
and obtaining corresponding output labels, usually low-dimensional, from an oracle. In
our context, the input space corresponds to the solver input parameters that, typically,
parametrise the initial trajectory state and its further progression, which is obtained by
running the solver. The AL method has to select input parameters1 to query the solver
to generate a full trajectory. Next, the NN model is trained on subsets of the generated

1It is also possible to generate an initial trajectory state directly, but generated states have to be
consistent and physically valid for the solver to evolve the trajectories.
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trajectories, e.g., pairs of consecutive time-steps. Thus, an acquisition metric has to be
defined with respect to the solver input parameters based on the NN’s performance on
the corresponding trajectory states, possibly at different NN training iterations due to
the online training setup.

V. The AL method should be agnostic to the NN model and training objec-
tive, and should not require its modification.

This constraint is rather desirable than mandatory and stems from the intention of
having a general-purpose AL method that can be used for any data-driven surrogate
training within online training. Therefore, the AL method should not require specific
model architectures or training objectives, as it would limit its applicability. For example,
such AL methods that require uncertainty estimates of the NN predictions as acquisition
metrics would not be applicable to models that do not provide such estimates.

6.1.2 Requirements to Active Sampling Mechanism
An online training framework has to provide a mechanism that enables an AL method to
interact with both the surrogate training and the data generation processes. This mecha-
nism, which we refer to as the active sampling mechanism, has the following requirements

• Minimal to none delays induced to the production-consumption process to ensure
no idle resources, i.e.:

– Pausing or blocking of the training process when communicating training in-
formation to the AL method;

– Pausing of running simulations or blocking of submission of new simulations
when communicating new input parameters sampled by the AL method.

• Reactive communication between the AL method, surrogate training, and data gen-
eration processes, i.e.:

– New training information has to be communicated to the AL method as soon
as available, to ensure that the AL method works with up-to-date information.

– New input parameters sampled by the AL method have to be communicated to
the earliest possible data generation processes, to minimise the delay between
the AL sampling and the arrival of newly generated samples for training.

These pillars and requirements serve as a tentative foundation for designing AL meth-
ods and implementations compatible with online training of data-driven surrogates. We
propose them as initial guidelines for future development, regardless of the specific online
training framework or AL method being used.

Next, we present our AL method and its implementation for online training: specifi-
cally, we develop the active sampling mechanism within the Melissa framework and adapt
the Breed AL method to this setting.
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6.2 Melissa Active Sampling with Breed
This section is partially based on the following publication:

[47] Sofya Dymchenko, Abhishek Purandare, and Bruno Raffin.
MelissaDL x Breed: Towards Data-Efficient On-line Supervised
Training of Multi-parametric Surrogates with Active Learning,

October 2024. URL http://arxiv.org/abs/2410.05860.

We presented Breed [47] in Section 5.2.1 as an AL method for offline training of data-
driven surrogates and Melissa [187] in Section 3.3 as a framework for online training of
data-driven surrogates. This section first outlines the required modifications and our
proposed adaptations to Breed, then describes the active sampling mechanism within
Melissa, and concludes with the full details of the online Breed method.

6.2.1 Necessary Modifications to Breed
The Breed method for offline training relies on loss values computed on the training
dataset with the latest NN state to calculate acquisition scores and build a sampling
distribution accordingly. To conform to the pillars of online AL design presented in the
previous section, several modifications are required to adapt the method to the online
training context, which are summarised as follows:

• It is no longer possible to compute loss values for all training samples with the latest
NN state, as it would require pausing the training process (pillar I) and working
with the full dataset (pillar II). We propose to use loss values computed during the
previous training iterations.

• The method already works with the solver input parameters but requires modifica-
tion to aggregate loss values over trajectory time steps (pillar IV). We propose to
average the loss values over time steps for each trajectory.

• The complexity bottleneck of the original method is the computation of loss values
for all training samples with the latest NN state. As we propose to use previously
computed loss values, this bottleneck is alleviated. Other steps of the algorithm have
linear complexity with respect to (1) the number of parents and children samples
and to (2) the dimensionality of the solver input parameter space. The former is
controllable via hyperparameters and can affect sampling quality, while the latter is
fixed and can be high for complex solvers and surrogate behaviour designs. However,
linear complexity is acceptable within the online training context (pillar III).

• The total training data size is continuously growing and epochs are no longer defined,
which requires modifications to the resampling strategy, i.e., when to resample, how
many samples to consider for building the sampling distribution, and how many new
samples to generate at each resampling (pillar II and III). We propose to resample
periodically every p training iterations, considering the most recent Np samples for
building the sampling distribution, and generating as many new samples as needed
for the next p training iterations.

http://arxiv.org/abs/2410.05860
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• The original OOB handling strategy may repeatedly fail in higher-dimensional
spaces, since the acceptance rate of rejection sampling tends to decrease with di-
mensionality, leading to significant delays (pillar III). Moreover, falling back to
uniform sampling discards the locality information provided by the parent sample,
potentially hindering the AL method’s ability to focus on informative regions of the
parameter space. We propose adaptive width reduction and soft-boundary repair
to improve acceptance rates and preserve locality.

6.2.2 Melissa with Active Sampling Mechanism
Here, we describe the first implementation of the active sampling mechanism within
Melissa to enable AL methods for online training. We provide a schematic overview
of the mechanism in Figure 6.1, full algorithm details in Algorithm 2, and describe the
main components next.

At the start of the framework execution, the Server (S) initialises input parameters
{λj}Nj=1 for N simulations to be executed and creates the corresponding simulation scripts
{Sj}Nj=1 (Alg. 2, lines 1-2), which are sent to the Launcher process (L). The Launcher
launches these scripts NS at a time to the batch scheduler (lines 3-4), which executes
them as NS Clients (Cj) running concurrently (line 5, lines 7-10).

Within the Server, there are two threads: the data Receiver (SD), which receives
generated data into the Buffer Bbuf, and the Trainer (ST), which consumes it for training
the surrogate fθ. We implement the following modifications to the Server to enable the
active sampling mechanism.

To the Trainer, we add a Resampler functionality. At every training iteration i, the
Trainer-Resampler calculates required training information array ai, defined according to
the AL method, for each training sample X

[t]
j in the batch Bi (line 20). It then updates the

resampling internal state, as defined by the AL method (line 21), and triggers resampling
based on the AL method condition (line 22).

When resampling is triggered (lines 23-29), the Receiver is blocked to prevent sub-
mission of new simulation jobs by the Launcher. The Trainer-Resampler queries the
Launcher to get a consistent view of the job queue and identifies the maximum index k
of currently running clients given this view. Then, the Trainer-Resampler determines the
number of parameters required to be resampled, which is equal to the average number
M of simulations generated between two consecutive resampling events, and samples M
new input parameters for simulations {Sk+NS

, . . . , Sk+NS+M}. When new samples calcu-
lated according to the AL method, the Trainer-Resampler overwrites the corresponding
simulation scripts and unblocks the Receiver.

Subsequent Clients (Cj) use the updated simulation scripts when they start their
corresponding job and generate new trajectories with the newly sampled input parameters.
The generated data will be sent to the Server for training the surrogate, thus closing the
active sampling loop.

The offset k + NS helps to avoid inconsistencies with simulations that may have been
already submitted but not running yet: from the moment of determining the maximum
index k of currently running simulations and to the update of the simulation scripts,
there is a possibility that some simulations (with index lower than k) will finish and new
jobs (with indices higher than k) will be submitted to the batch scheduler. By applying
new parameters starting from index k + NS, we ensure that the new parameters are used
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Figure 6.1: Illustration of the active sampling mechanism within Melissa: the Trainer-
Resampler process calculates training information from batches, updates internal states,
and triggers resampling; when trigger condition is met, it blocks the Receiver, obtains the
maximum index of currently running simulations from the Launcher, samples new input
parameters for the next simulations to be submitted, and updates simulation scripts.
Thanks to Abhishek Purandare for the original figure.

to update the scripts of simulations that are not running yet, avoiding inconsistencies
between the parameters used for data generation and those expected by the AL method.

The creation of M new parameters instead of all yet-to-be-submitted simulations, i.e.,
N − k − NS, allows to reduce the resampling time, maintaining the reactivity of the
mechanism.

Limitations. The presented implementation of the active sampling mechanism within
Melissa, while simple and functional, does not entirely conform to the requirements out-
lined earlier and has two main limitations.

First, it potentially introduces delays when an AL method is queried to provide new
solver input parameters: the Receiver is blocked until new parameters are received, which
stops the Launcher from submitting new Client jobs during this waiting period. This
approach ensures that new parameters are used as soon as possible without discontinuing
currently running simulations. If the AL resampling algorithm is relatively fast compared
to simulation time, the delay is negligible since new parameters are ready when the next
batch of simulations would be submitted. However, for higher-complexity AL methods
with longer resampling times, the delay can become significant, leading to underutilisation
of computational resources and increased overall training time.

Second, it potentially hinders the reactivity of the AL method: the starting index from
which solver parameters are updated is calculated with an offset based on the number of
concurrent solvers NS, ensuring consistency of the parameters used for data generation
with those expected by the AL method. However, this means that newly sampled pa-
rameters – based on the most recent surrogate state – are not used for the immediately
following jobs, but rather for the NS next ones. It creates a temporal mismatch between
when parameters are sampled and when they are actually used, potentially reducing the
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Algorithm 2 The Melissa framework with active sampling mechanism.
Processes: Launcher (L); Server threads: data Receiver (SD), Trainer–Resampler (ST);

NS Clients (Cj).
Require: Total number of simulations to create N , number of clients NS, buffer Bbuf

with strategy BM; solver S(·, λ), total number of time steps Nt, solver input
parameter space Λ;

1: (SD) Initialise solver input parameters {λj ∼ Unif(Λ)}Nj=1
2: (SD) Create N client scripts {Sj}Nj=1 with these parameters
3: (L) wait until scripts are created by SD
4: (L) Create a job queue {Cj}Nj=1 with these scripts distributed over NS clients
5: (Cj) run_solver(Sj)
6: (SD, ST) train_model()

run_solver(Sj)
7: Initialise X0

j with IC parameters from λj

8: for t = 0, . . . , Nt − 1 do
9: X t+1

j ← S(X t
j , λj)

10: send training data X
[t]
j → SD

train_model()
11: Initialise model parameters θ0, training iteration counter i = 0
12: while Bbuf ̸= ∅ do
13: (SD) receive X

[t]
j ← Cj

14: (SD) Bbuf
BM← X

[t]
j

15: (SD) Create training batch Bi BM∼ Bbuf
16: (SD) send Bi → ST
17: (ST) receive Bi ← SD
18: (ST) θi ← update(θi−1) with Bi
19: (ST) i← i + 1
20: (ST) ai ←

{︂
ajti = a(X [t]

j , θi)
⃓⃓⃓
∀X [t]

j ∈ Bi
}︂

▷ Eq. (6.3)
21: (ST) update_acquisition_scores(ai) ▷ Alg. 3
22: if resampling is triggered by ST then
23: (SD) wait for unblock signal ← ST
24: (ST) receive job queue view ← L
25: (ST) k ← maximum index of currently running jobs in job queue view
26: (ST) Starting update index j′ ← k + NS

27: (ST) M ← number of simulations to resample
28: (ST) {Sj′ , . . . , Sj′+M} ← produce_new_parameters(M) ▷ Alg. 3
29: (ST) send unblock signal → SD
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effectiveness of the AL method.
Within this section, we accept these limitations as trade-offs for implementation sim-

plicity, and we address them in Section 6.4.1 with a more advanced algorithm.

6.2.3 Online Breed Method within Melissa
We implement the online version of Breed with three key features: (1) it computes ac-
quisition scores based on aggregated batch-wise normalised loss values obtained during
previous training iterations, (2) it triggers resampling periodically and samples new solver
input parameters based on a subset of the most recently processed simulations, (3) it op-
timises OOB samples handling to reduce delays and improve local sampling quality. The
method is implemented within the active sampling mechanism of Melissa, as described in
the previous subsection. We provide the full algorithm details in Algorithm 3 and describe
these components next.

6.2.3.1 Delta-loss statistic for acquisition scores

Batch-wise normalised loss values. To compare per-sample loss values computed at
different training iterations, we define a delta-loss statistic that normalises the loss values
within each training batch.

We train the NN surrogate fθ to minimise a loss function ℓ(X [t]
j ; θ) between the NN

prediction and the target output, according to the given training scheme and behaviour
design for the training sample X

[t]
j associated with the trajectory state at time step t and

solver input parameters λj of the j-th simulation.
At each training iteration i, a batch Bi of training samples of size B is created from

the Buffer and used to update the NN parameters θi. For each sample X
[t]
j in the batch

Bi, we compute its loss value with the current NN parameters θi:

ljti = ℓ(X [t]
j ; θi), li = {ljti | ∀X [t]

j ∈ Bi}. (6.1)

We compute mean mi and standard deviation si of the batch loss values li:

mi = mean(li), si = std(li). (6.2)

Then the delta-loss δljti for the sample X
[t]
j at iteration i is defined as:

δljti = max
{︄

ljti −mi

si
, 0
}︄

. (6.3)

This statistic represents how much the loss value of the sample deviates from the mean
loss value of the batch, normalised by the standard deviation of the batch loss values. The
use of max with zero ensures that only samples with above-average loss values contribute
to the delta-loss, which aligns with the goal of focusing on samples where the NN performs
poorly.

Aggregation over NN iterations. Training samples can be seen multiple times during
training. For a given sample X

[t]
j , we can have multiple delta-loss values δljti computed at

different training iterations i when the sample was included in the batch Bi. Therefore, we
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Algorithm 3 Online Breed AL method: Solver input parameters sampling.
Require: Resampling period p, schedule (ε(0), ε(c), c), sliding window size Np, initial σ

and minimum σmin widths, width-reduction factor β, OOB attempts limit
oobmax, solver input parameter space Λ. Optional strict condition Tmin.

1: Set queue Q of size Np is initially empty
2: Iterative recording dictionary R[N, T ] is initially empty
3: Widths array {σj}Nj=1 is initialised with σ
4: Resampling iteration counter r ← 0

update_acquisition_scores(δli)
1: for each δljti ∈ δli do
2: R[j, t]← δljti ▷ Update as in Eq. (6.8)
3: set_queue_insert(j, Tmin)
4: if i mod p = 0 then
5: Trigger resampling

produce_new_parameters(M)
1: Compute δlj from R[j, :] for all j in Q ▷ Eq. (6.7)
2: Obtain probability vector (l1, . . . , lNp) ▷ Eq. (6.9)
3: Mc ← ⌊M · ε(r)⌋ with updated ε(r) ▷ Eq. (5.7)
4: Select Mc parent points from Q with replacements with (l1, . . . , lNp) and
5: obtain children points count mj for each j in Q
6: Sc ← ∅
7: for each j ∈ Q do
8: for k = 1, . . . , mj do
9: λ′ ∼ N (λj, σ2

j I)
10: Counter of attempts oob← 0
11: while λ′ /∈ Λ and oob ≤ oobmax do ▷ OOB procedure
12: oob← oob + 1
13: σj ← reduce with β for OOB dimensions ▷ Eq. (6.11)
14: Redraw λ′ ∼ N (λj, σ2

j I)
15: Inherit reduced width σ′ ← σj

16: if λ′ /∈ Λ then ▷ Fallback to soft-boundary
17: for each OOB dimension d do
18: λ′[d]← soft-boundary adjustment ▷ Eq. (6.13)
19: Reset width σ′[d]← σ[d]/3
20: Sc ← Sc ∪ {λ′}
21: Update associated σ′ width in widths array
22: Mu ←M −Mc

23: Su ← {Mu points sampled from Unif(Λ)}
24: r ← r + 1
25: return Shuffled Sc ∪ Su

set_queue.insert(j, Tmin = 1)
1: if number of elements R[j, :] < Tmin then do not insert j into Q, return
2: if j is in Q then
3: Remove j from Q ▷ Its position will be updated
4: else if Q is full then
5: Pop the oldest element from Q
6: Insert j into Q
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need to aggregate these delta-loss values over the iterations to obtain a single delta-loss
value per simulation j per time step t:

δljt = Aggi ({δljti | ∀i ∈ Ijt}) , (6.4)

where Ijt is the set of training iterations i when the sample X
[t]
j was included in the batch

Bi, and Aggi is an aggregation function over the iterations, e.g., mean, max, weighted
exponential moving average, etc. In our implementation, we use simple averaging over
the iterations:

δljt = 1
|Ijt|

∑︂
i∈Ijt

δljti. (6.5)

Due to the online training setup, some samples may not have been seen yet by the
NN, and thus, Ijt is empty. In this case, the delta-loss statistic is undefined for these
samples.

Aggregation over trajectory timesteps. Similarly, to compute a single delta-loss
value per simulation parameter λj, we need to aggregate these delta-loss values over the
trajectory timesteps t:

δlj = Aggt ({δljt | ∀t ∈ Tj}) , (6.6)
where Tj is the set of timesteps t which were processed by the NN so far, i.e., Ijt ̸= ∅,
and Aggt is an aggregation function over the timesteps. We aggregate using average over
the timesteps:

δlj = 1
|Tj|

∑︂
t∈Tj

δljt. (6.7)

Similarly, it is possible that for some simulations, the NN has not seen any of the
trajectory steps yet, and thus, Tj is empty, making the delta-loss statistic undefined for
these simulations. The statistic is defined as soon as |Tj| ≥ 1, i.e., at least one trajectory
step has been seen by the NN.

Optionally, we can apply stricter conditions on the statistic definition, requiring |Tj| ≥
Tmin ∈ (1, Nt], where Nt is the total number of timesteps in the trajectory. This ensures
that the statistic is computed only for simulations which trajectory states have been
sufficiently seen by the NN.

Delta-loss value update. To store delta-loss values δljti and use them during resam-
pling iterations, we maintain an iterative recording dictionary R[N, Nt]. It stores pairs
(j, t) as keys and corresponding delta-loss values δljt and set size |Ijt| as values. When a
delta-loss value δljti is received, the corresponding entry in the dictionary is updated as
follows:

R[j, t]←
⎧⎨⎩
(︂
δljt·|Ijt|+δljti

|Ijt|+1 , |Ijt|+ 1
)︂

, if (j, t) ∈ R[N, Nt]
(δljti, 1), otherwise

(6.8)

which corresponds to iterative average computation of equation (6.5). The memory com-
plexity of the recording dictionary is O(N × Nt), as we store only iterations-aggregated
values instead of all received delta-loss values.
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6.2.3.2 Sampling new solver input parameters

Unique queue with recency priority. To consider the most recent training samples
for building the sampling distribution and to limit the computational complexity of the
resampling step, we utilise a queue Q of window size Np, which stores unique simulation
indices j in an order of recency. When a delta-loss value δljti is received, the corresponding
simulation index j is inserted into the queue Q. If j is already in the queue, it is removed
and re-inserted to update its position. If the queue is full, the oldest element is removed
to make space for the new element. This way, the queue always contains the indices of
the most recent Np training simulations.

When a strict condition on the delta-loss statistic definition is applied, we only insert
j into the queue when the condition is satisfied, which is checked using the recording
dictionary R[N, Nt].

Resampling algorithm. When the Resampler process receives the array of acquisition
scores (losses) for the current batch Bi, the AL method can decide whether to trigger
resampling or not. We propose the simplest triggering criteria, i.e., resampling periodically
every p training iterations, i.e., when i mod p = 0.

When resampling is triggered, we obtain delta-loss values {δlj}j∈Q for the simulations
in the recency queue Q by aggregating values δljt from the recording dictionary R[N, Nt]
using equation (6.7).

To build the sampling distribution and sample new input parameters, we follow the
same steps as in the offline Breed method. First, we normalise the delta-loss values as:(︄

δlj∑︁
j∈Q δlj

)︄
j∈Q

. (6.9)

Then, we get the number M of simulations to update and perform the resampling proce-
dure as described in subsection 5.2.1, using these normalised delta-loss values as weights
(l1, . . . , lNp), corresponding solver input parameters {λj}j∈Q as parents, and sampling
M new points. The created set of M points is then used to update the corresponding
simulation scripts {Sk+Ns , . . . , Sk+NS+M}, as described in subsection 6.2.2.

Neighbourhood width. The neighbourhood width σ is a vector of size np, where np
is the dimensionality of the solver input parameter space Λ. Unlike the original scalar
formulation, this allows dimension-specific widths when the parameter ranges vary across
dimensions. Moreover, we can set the widths as a fraction of each dimension’s domain
length, i.e., for d = 1, . . . , np:

σ[d] = σfrac · |Λd|, |Λd| = Λmax
d − Λmin

d (6.10)

where ·[d] denotes the d-th vector coordinate, σfrac ∈ (0, 1) is a hyperparameter and
Λd = [Λmin

d , Λmax
d ] denotes the valid range of the d-th input parameter.

6.2.3.3 Out-of-bounds handling

We propose two modifications to the OOB handling strategy: dimension-wise adaptive
width reduction with inheritance and soft-boundary sampling. To support these, we
maintain and adaptively update a neighbourhood width vector σj for all parameters
{λj}Nj=1, requiring O(N × np) memory. The widths array {σj}Nj=1 is initialised to the
user-prescribed global width: σj = σ for all j ∈ {1, . . . , N}.
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Adaptive width reduction with inheritance. When a child sample λ′ drawn from
the parent λj is OOB in at least one dimension, we reject it and attempt to redraw a new
child from the same parent, up to oobmax attempts, similarly to the original method.

To increase the acceptance rate in subsequent redraw attempts for the parent, we
reduce the corresponding width σj in-place in dimensions where a rejected child was
OOB, i.e., for each d ∈ {1, . . . , np} such that λ′[d] /∈ Λd:

σj[d]← max(σj[d] · β, σmin[d]), (6.11)

where β ∈ (0, 1) is a width-reduction hyperparameter, and σmin is a minimum-width
hyperparameter vector that prevents near-zero values. In practice, we set σmin[d] =
5 · 10−7 · |Λd|. As the reduction is performed in-place, subsequent redraw attempts and
child draws from the same parent use the updated width σj.

When a valid child sample λ′ is finally obtained from the parent λj before reaching
the oobmax limit, it inherits the parent’s adapted width:

σ′ ← σj. (6.12)

When the framework updates the simulation parameters with newly generated children,
the width array is updated accordingly, maintaining the correspondence λj′ ↔ σj′ . This
inheritance ensures that if λj′ is later selected as a parent, it uses the adapted width,
further improving acceptance rates and preserving locality in subsequent iterations.

Soft-boundary sampling. If the oobmax limit is reached and the child λ′ still violates
bounds in some dimensions, we repair the violated coordinates by adjusting them to lie
within Λ near the violated bound. For each dimension d where λ′[d] /∈ Λd, we set

λ′[d]←
⎧⎨⎩Λmin

d + ϵ, if λ′[d] < Λmin
d ,

Λmax
d − ϵ, if λ′[d] > Λmax

d ,
(6.13)

where ϵ ∼ Unif([0, σ[d]/3]) is sampled independently for each repaired coordinate to place
it near the bound. For dimensions that were repaired, the child’s width is reset to σ[d]/3;
for dimensions that remained within bounds, the child inherits the parent’s adapted width
σj[d]. This reset provides a balance between exploration and boundary avoidance, as
σ[d]/3 is smaller than the initial width but less conservative than the possibly very small
adapted σj[d] in repeatedly violated dimensions.

6.2.4 Conclusion
We presented the online version of the Breed AL method implemented within the active
sampling mechanism of the Melissa framework.

To adapt Breed to the online training context, we introduced the delta-loss statistic for
acquisition scores, recency-based sampling with periodic resampling, and adaptive out-
of-bounds handling. These modifications enable the method to conform to the online AL
design pillars outlined earlier. However, Breed retains the original method’s limitations
regarding sampling complexity in high-dimensional parameter spaces and hyperparameter
sensitivity.

The active sampling mechanism, while functional, has limitations regarding poten-
tial delays and reduced reactivity that do not fully meet the requirements outlined in
Section 6.1.2.

In the next section, we evaluate this implementation through experimental studies.
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6.3 Experiments for Direct Linear PDE Surrogate
This section is partially based on the Dymchenko et al., 2024 [47].

In this section, we present experimental results of using the online Breed method
within Melissa for training a direct surrogate for 2D heat transfer simulations with varied
IC and BC. To assess the performance of the method, we conduct systematic studies across
different surrogate model sizes and Breed hyperparameters, comparing to a baseline of
uniform parameter sampling. We analyse the results and provide insights on the method
behaviour and tuning.

6.3.1 Experimental Setup
We follow the setup of a 2D heat transfer PDE solver and surrogate model as in [149].
The heat transfer PDE has relatively low computational demands and provides easy
interpretability of results, making it suitable for proof-of-concept experiments.

Heat transfer PDE solver. The solver is an in-house C++/Fortran programme that
implements a finite difference method with an implicit Euler scheme. It takes as input 5
temperature values defining the IC and BC:

λ = [T0, Tl, Tr, Tb, Tt] ∈ Λ = [100, 500]5, (6.14)

where T0 is the initial temperature inside the 2D domain, and Tl, Tr, Tb, Tt are the tem-
peratures on the left, right, bottom, and top borders of the domain, respectively.

Other input parameters are fixed within the code, including the spatio-temporal do-
main U = [0, X]2 ∪ [0, T ], with X = 1m and T = 1s, the thermal diffusivity coefficient
α = 1 m2s−1, and discretisation configuration (Nx, Nt), with Nx = 100 and Nt = 100.

Inside the programme, the initial state X0 is created as follows:

X0[i, j] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

T0, if 1 < i, j < Nx

Tl, if i = 1
Tr, if i = Nx

Tb, if j = 1
Tt, if j = Nx

(6.15)

The solver autoregressively produces the trajectory steps {X0, X1, . . . , XNt} of the
temperature field evolution over time.

Direct surrogate model. The surrogate fθ is trained to directly predict the discretised
temperature field at time t for the given IC/BC parameters λ:

fθ : R5 × R→ RNx × RNx ,

fθ(λ, t) ≈X t
λ = S(t)(X0; λ), ∀λ ∈ Λ ∀t ∈ {1, . . . , Nt}.

(6.16)

The training sample consists of (λ, t, X t
λ), where X t

λ is the true temperature field at time
t for parameters λ produced by the solver.
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Table 6.1: Fixed hyperparameters for each experiment. Asterisks (*) indicate varied pa-
rameters: (Exp1) model size, (Exp2) sampling parameters, (Exp3) schedule parameters.

P p σ ε(0) ε(c) c H L

Exp1 200 300 10.0 0.5 0.7 3 * *
Exp2 */200 */200 */5.0 0.5 0.9 3 16 1
Exp3 200 200 5.0 */0.1 */1.0 */5 16 1

We choose an MLP with L hidden layers of H neurons with ReLU activations, which
is trained to minimise the MSE loss between predicted and true temperature fields using
Adam optimiser with a learning rate of 1e−3 and batch size B = 128.

For validation, we create a set of 200 simulation trajectories with parameters sampled
quasi-uniformly using Halton sequences, which ensures low-discrepancy coverage of Λ.
The validation set totals 20,000 samples.

Melissa configuration. The total number of simulations is N = 800, number of con-
current Clients is NS = 20, and we use the Reservoir Buffer of size NB = 3000 training
samples and watermark of 300.

Choice of experiments. We conduct three systematic studies: Exp1, across different
model configurations, comparing to uniform resampling baseline (Random), and ablations
Exp2, Exp3 across Breed’s sampling and schedule hyperparameters. We vary one set of
parameters at a time, while keeping the others fixed, see Table 6.1.

Exp1. The model configuration affects its capability to capture more complex data
and directly connects to overfitting and underfitting phenomena. We vary hidden size
H ∈ {16, 32, 64} and number of layers L ∈ {1, 2, 3} of the fully connected NN.

Exp2. Sampling hyperparameters affects the proposal distribution quality and reac-
tivity. We vary windows size Np ∈ {50, 600, 1000}, period p ∈ {10, 50, 100, 300, 500}, and
width σ ∈ {1.0, 5.0, 10.0, 25.0}, which defines the width vector as σ = 1σ ∈ R5.

Exp3. The ε(r) schedule directly affects exploration-exploitation trade-off. We study
values ε(0) ∈ {0.1, 0.5, 0.8, 1.0}, ε(c) ∈ {0.7, 0.9}, and c ∈ {2, 4}.

6.3.2 Experimental Results
Exp1: varying model size. We present the results of model size variation in Fig-
ure 6.2. Each subplot corresponds to a specific model configuration and consists of line
plots of training and validation loss curves for both Breed and Random methods.

As the heat transfer problem is relatively simple, the benefits of active learning are
not very pronounced in terms of final average validation loss, where both methods achieve
similar results. However, looking at the training and validation curves, we see a specific
pattern: Random consistently results in overfitting, in contrast to Breed, where training
and validation curves most of the time stay close. This effect is more pronounced for
bigger models (H = 64), where for Breed the curves almost overlap. We attribute this
to Breed steering sampling towards harder-to-learn trajectories, which for bigger models
creates more diverse training data, preventing overfitting.
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Figure 6.2: Exp1. Each subplot represents a run with varying MLP configurations, i.e.,
hidden layer size H (different rows) and number of layers L (different columns). In each
plot, training (dotted line) and validation (solid line) loss curves are shown for Breed
(blue colour) and Random (red colour) methods. The text annotations indicate the final
validation loss values.
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Figure 6.3: Exp2 & Exp3. Each subplot represents a run with varying hyperparame-
ters, indicated in the corresponding legend title. In each plot, training (dotted line) and
validation (solid line) loss curves are shown for different hyperparameter values, colours
indicated in the legend. The text annotations indicate the final validation loss values.
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Exp2 & Exp3: varying Breed hyperparameters. We present the results of Breed
hyperparameter variation in Figure 6.3. Each subplot corresponds to a specific hyperpa-
rameter and consists of line plots of training and validation loss curves for different values
of that hyperparameter.

Smaller window size Np benefits the training process: with smaller window size where
the proposal is more focused, the training converges faster and to a better final validation
loss. When the window size Np is large, the training diverges from optimal at early
iterations, which affects further convergence. For window size 1000 (green line), validation
loss is consistently the worst for the first 1000 training iterations, and resulting validation
loss is worse compared to window size 50. Our hypothesis is that big window size makes
the proposal distribution outdated, as it includes samples collected long ago, which do
not reflect the current NN state. This stresses the importance of AL reactivity.

The resampling period p impacts the training dynamics: frequent resampling desta-
bilises training at early iterations, while infrequent resampling prevents adaptation to the
evolving network. When the resampling period is too small (p = 10, blue line), the vali-
dation loss is consistently the highest during the first 2000 iterations compared to other
values, resulting in suboptimal final validation loss. On the other hand, higher resampling
period (p = 500, violet line) leads to an early plateau around iteration 1000 and subopti-
mal final loss too. Values in between show elements of both behaviours, with the best final
validation loss for p = 300 (red line), where stagnation happens later at around iteration
2000, and the convergence is fast at the beginning. This suggests that resampling should
be triggered in a more adaptive manner, depending on the training dynamics, as a fixed
period might not be optimal throughout the training or finding the right fixed value can
be challenging.

The width σ affects the generalisation ability of the surrogate: smaller values lead
to a significant overfitting gap, while bigger values lead to stagnation of training at early
iterations. Within the σ study, we see that for the smallest value (blue line), the training
loss is about 1.5 times lower than the validation loss at the end of training. The biggest
value (red line) shows faster convergence than other values for the first 1000 training
iterations but then stagnates, although there is no overfitting. Similarly to the previous
hyperparameter, this suggests that an adaptive width schedule could be beneficial, as a
fixed value might not be optimal throughout the training. Possibly, starting with a bigger
value and gradually decreasing it could balance exploration and exploitation better.

The exploration-exploitation trade-off influences both convergence and generalisation:
high exploitation at earlier iterations leads to divergence and overfitting, while gradual
increase from low to optimal exploitation leads to stable convergence and good generali-
sation. In the ε(0) study, we see that high value of 0.8 (purple line) shows divergence at
earlier iterations, and resulting relative to validation generalisation gap is almost 30%,
while low value of 0.1 (blue line) shows fast convergence at the start which further slows
down, with resulting training loss higher than validation loss. In the ε(c) study, lower
value (blue line) shows slightly better convergence compared to higher one (orange line).
As for the c study, the difference is inconclusive due to small difference of chosen varied
parameters, but we include it for completeness.

6.3.3 Sampled Parameters Distribution Analysis
Beyond quantitative performance metrics, we conducted exploratory analysis of the distri-
bution of sampled solver input parameters [T0, Tl, Tr, Tb, Tt]. We observe that Breed steers
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Figure 6.4: Example of trajectories with low (top) or high (bottom) difference in input
temperature parameters.

sampling toward regions of the parameter space that yield harder-to-learn trajectories.
We use the standard deviation of parameter vector values to characterise the diffi-

culty of learning a trajectory. The intuition is that trajectories with larger differences in
temperatures at the initial step are more dynamic and exhibit larger differences between
consecutive time steps, thus making them harder for the surrogate to learn. We illustrate
this with two example trajectories in Figure 6.4.

For one experiment run, we calculate the standard deviation of each input parameter
vector λj and analyse the distributions across different sample categories. For Breed,
sampled input parameters come from two sources: the uniform set Su and the proposal
concentration set Sc. In Figure 6.5a, we compare the standard deviation distributions
of these two categories collected from one Breed run. We see a clear distributional shift
from uniform to proposal samples, indicated by a higher mean and longer right tail in the
proposal distribution.

We compare standard deviation distributions between one Random run and one Breed
run. As shown in Figure 6.5b, the Breed distribution is shifted to the right compared
to Random, though the difference in means is less pronounced since Breed includes both
uniform and proposal samples. However, examining the right tails shows that Breed
produces about 2-3× more samples with deviation values > 150 compared to Random.

6.3.4 Conclusion and Limitations
Our experiments show that Breed steers sampling toward solver input parameters that
produce harder-to-learn trajectories, specifically more dynamic trajectories with larger
differences in input temperature parameters. Including such training samples improves
surrogate generalisation, reflected in a reduced gap between training and validation losses.
The method achieves this with minimal computational overhead, as it is designed to run
online during training without interrupting the training process. We studied the method’s
hyperparameters through ablation experiments, providing insights for their tuning, and
identified further improvement, such as adaptive resampling and width schedules.

While our experiments used a simple setup (2D heat PDE with a small direct surrogate
model), they provide proof-of-concept for the method’s online integration and benefits.
Beyond this simplicity, the study has several limitations: inconclusive performance gain of
Breed over Random sampling; limited exploration of Breed hyperparameters; absence of
significance testing since only one run per configuration was conducted; lack of computa-
tional cost statistics to quantify overhead. These limitations motivate further investigation
in more complex scenarios, which we discuss next.
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(a) Uniform set samples (orange) vs. Concentrated set samples (light blue) within
one Breed run.
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(b) Breed run samples (blue) vs. Random run samples (red).

Figure 6.5: Parameters distribution analysis. Histograms of solver input parameters
standard deviation σ(λj) distribution for samples from different categories. The mean is
plotted as a vertical line of corresponding colour to emphasise the distributional shift.
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6.4 Advanced Experiments for Autoregressive
Nonlinear PDE Surrogates

Building on the proof-of-concept results from the previous section, we extend the experi-
ments to more challenging settings with complex PDEs and higher-dimensional problems.
We also develop a second implementation of the active sampling mechanism within Melissa
that addresses the limitations of the first version. We first describe the new implementa-
tion, introduce Breed hyperparameter regimes we designed to reduce the hyperparameter
tuning burden, then describe the experimental setup, and conclude by discussing the
results and limitations.

6.4.1 Improved Active Sampling Mechanism
The first implementation of the active sampling mechanism within Melissa has certain
limitations that we discussed in subsection 6.2.2, i.e., delays caused by the block of the
production-consumption loop, and hindered AL reactivity due to the batched job submis-
sion by the Launcher and uncertainty in the job start times. We address these limitations
with two key modifications: separating the Resampler from the Trainer using an addi-
tional MPI rank with synchronisation at a resampling trigger, and redesigning the job
submission logic.

Separate active sampling rank. The Server’s workflow is centred around the diver-
gence of MPI ranks into two distinct roles: training ranks {R0, . . . , RNg} (the Trainer)
and a dedicated active sampling rank Rb (the Resampler) that handles resampling and
distribution updates. We illustrate the new workflow in Figure 6.6 and in Algorithm 4,
where this separation is indicated with blue (the Trainer) and red (the Resampler) ele-
ments. This divergence enables overlapping active sampling and training, while preserving
samples throughput.

As before, the data reception and communication with the Launcher are handled
on R0 as the Receiver role (Alg. 4, lines 1, 8, 11). Following a data-parallel training
scheme, training ranks perform forward and backward passes on their assigned batches
and compute per-sample acquisition scores ajti to store locally (lines 14-15).

At the end of each training iteration, if no resampling is currently ongoing (line 17),
the Trainer globally checks if the resampling trigger conditions are met (line 19). If so,
training ranks send their local ajti values to the Resampler (line 20), which aggregates
these and computes per-trajectory scores aj (line 29). In addition, the information about
the most recently processed training samples is sent to the Resampler to update the
recency queue Q (described in subsection 6.2.3.2).

Training is continued while the Resampler performs the sampling procedure, and the
Trainer asynchronously probes for sampling completion at the end of each training iter-
ation (line 18). Once finished (line 21, line 33), submission and training are temporarily
blocked (line 10, lines 22-23), and the update of parameters for next simulations is per-
formed (line 34).

This design allows the surrogate training to proceed with minimal interruptions from
the active sampling mechanism and minimises the delay between when the new parameters
are sampled and when the corresponding simulation data is used for training, consequently
improving AL reactivity.
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Algorithm 4 The Melissa server with improved active sampling mechanism.
Require: Total simulations N , concurrent clients NS, buffer Bbuf; parameter space Λ

1: Launcher (L): Continuously waits for requests from SD and submits to cluster

Receiver (SD on R0) + Trainer (ST on R0, . . . , RNg)
2: (SD) Create NS client scripts {Sj}NS

j=1 using parameter matrix from SR

3: (SD) send submission request to L for {Sj}NS
j=1

4: (SD) Last submitted simulation index k ← NS

5: (ST) Initialise model parameters θ0, iteration counter i = 0
6: while Bbuf ̸= ∅ do
7: // SD: Lazy one-by-one submission
8: Upon receiving training sample from a client Cj: Update Bbuf
9: if some Cj finished then

10: if pause signal received from ST then wait for resume signal from SR
11: k ← k + 1; Create script Sk using λk; send request to L

12: // ST: Training and active sampling coordination
13: Every training iteration i:
14: Update θi using batch Bi from Bbuf
15: Locally store acquisition scores ai and recency info for Bi
16: i← i + 1
17: if sampling in progress then
18: Ask SR if completed (non-blocking probe)
19: else if resampling trigger conditions met then
20: send sampling request, all ai, and recency info → SR
21: if sampling complete then
22: send pause signal → SD; send k → SR
23: wait for resume signal from SR
24: Signal end of study

Resampler (SR on Rb)

25: Create parameter matrix {λj ∼ Unif(Λ)}Nj=1 (memory-mapped)
26: while not end of study do
27: wait for sampling request from ST
28: if sampling request received then
29: Aggregate ai from all training ranks ST
30: Update recency queue Q and scoring matrix R[j, t]
31: // M is the average number of submissions between triggers
32: S ← produce_new_parameters(M)
33: send completion signal → ST and receive last submitted index k
34: Update parameter matrix: {λj}k+M

j=k ← S
35: send resume signal → ST, SD
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Figure 6.6: The Melissa Server with a separate active sampling rank.
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New job submission logic. The job submission strategy has been redesigned to be
more reactive to resampling. Initially, the Receiver would create N simulations scripts
and request the Launcher to submit all of them at the start of the study, and the Launcher
buffered these requests in batches of NS concurrent solvers for submission to the cluster.
Update of the parameters was performed by changing the scripts that certainly had not
yet started.

Now, the requests are handled in a lazy, one-by-one approach. At the start of the
study, the Receiver creates NS simulations scripts and requests the Launcher to submit
them (lines 2-3). Then, as soon as some simulation finishes (line 9), a new script is
created and its simulation is requested (line 11). The Resampler manages a memory-
mapped parameters matrix that stores the solver inputs of all N simulations (line 25).
The Receiver gets the parameters for the new script from this matrix (line 11).

When a resampling is triggered and finished, i.e., the new set of parameters is prepared
by the Resampler, the Trainer temporarily blocks the one-by-one submission and training
across ranks (line 10, lines 22-23), communicates the last submitted simulation index to
the Resampler (lines 22, 33), and waits (line 23) for the Resampler to complete the update
of parameters in the memory-mapped matrix starting from that index (line 34). Once
the update is done (line 35), the Receiver resumes submission with the new parameters
and training resumes across ranks.

This strategy minimises the delay between when parameters are sampled and when
they are used for new simulations, while avoiding race conditions from modifying param-
eters of already-submitted jobs.

6.4.2 Breed Hyperparameters Regimes
The Breed method described in Section 6.2.3 remains the same, but we attempt to combine
the hyperparameters into regimes to lessen the burden of hyperparameter tuning. Instead
of analysing the effect of each of the hyperparameters separately using grid of values,
we design four regimes that follow different strategies based on our understanding of the
method behaviour:

• The precise regime is designed to resample less often, to focus on the most informa-
tive samples, to use the most recent and full information.

• The broad regime is designed to resample more often, to cover a wider range of the
parameter space, to use big interval of but less complete historical data.

• The mixed regime is a combination of the previous two.
• The soft regime has higher ratio of uniform mixing, resamples more often than other

regimes, uses the biggest interval of historical data.

Detailed per-regime hyperparameters values are provided in Table 6.2. Additionally,
we attempt to connect the hyperparameter values with the Melissa hyperparameters, such
as memory Buffer size NB and number of concurrent solvers NS. The goal is to improve
interpretability of the hyperparameters and to ensure that the method scales well with
different training setups. The AL method performance depends on the Melissa parameters
as they affect the speed ratio between the surrogate training and data generation and the
distribution of the data in the buffer.
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Table 6.2: Hyperparameters for different method’s regimes.
Hyperparameter Regime

precise broad mixed soft
Width σfrac 0.05 0.1 0.1 0.1
Schedule start ε(0) 0.5 0.75 0.5 0.75
Schedule end ε(c) 0.75 0.9 0.9 0.5
Schedule clip c 5 3 3 5
Sliding window size Np NB 2 ·NB NB 3 ·NB

Seen steps condition Tmin 0.9 ·Nt 0.25 ·Nt 0.33 ·Nt 0.5 ·Nt

First resampling NS 2 ·NS 2 ·NS 0.9 ·NS

Resample period p 5 ·NB 2 ·NB 3 ·NB NB

6.4.3 Experimental Setup
We aim to evaluate Breed when training autoregressive surrogates for a range of complex
nonlinear PDEs with diverse dynamics and sensitivity to initial conditions (ICs). To focus
on that aspect, we keep the surrogate architecture and training setup fixed and work with
a relatively small discretisation, which allows us to run extensive systematic experiments
across different Breed regimes and PDEs. As a baseline, we compare against the default
uniform sampling method, as there are no other AL methods designed for this setting to
compare against. Compared to the intermediate experiments in the previous section, we
introduce a more comprehensive set of metrics to evaluate the surrogate performance and
analyse the results in more depth.

As a base for our experimental setup, we employ APEBench by Koehler et al., 2024
[108] — a comprehensive benchmark suite for evaluating autoregressive deep surrogates,
which (1) provides modular components that can be easily integrated into our online
training framework, (2) includes solvers for a wide range of challenging PDEs, and (3)
introduces a “unique dynamics identifier” interface that allows a systematic control over
the complexity of the discrete dynamics, thus, the difficulty of the surrogate learning
problem.

6.4.3.1 Suite of PDE cases

We study three PDE dynamics, each with two difficulty levels, and four IC functions of
the same form but different parameters. This yields 24 possible combinations, but we
only use 10 PDE cases. We exclude 14 configurations because some IC parameters are
either incompatible with the PDE due to solver instabilities, or they result in dynamics
that the surrogate fails to learn adequately with our fixed training setup, which limits
the effectiveness of AL methods. Next we detail each of the chosen PDEs, the difficulty
parameters, and the IC functions.

PDEs. The PDEs are defined on a periodic 1D spatial domain Ux = [0, 1] and the
solutions discretised into Nx = 800 points are provided by Fourier pseudo-spectral solvers
from APEBench.

The Kuramoto-Sivashinsky equation is a fourth-order nonlinear PDE that is known
for its chaotic behaviour, i.e., it is sensitive to IC changes. It is widely used to model
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instabilities in laminar flame fronts, plasma and chemical reaction-diffusion dynamics,
and fluid film flows [95].

It has two forms, conservative, which used in fluid film flows, and combustion, typical
in flame propagation applications. They are given by:

KS-c(a2, a4, b) : ∂u

∂t
= −a2

∂2u

∂x2 − a4
∂4u

∂x4 − b
1
2

∂u2

∂x
, (6.17)
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The conservative form (KS-c) solution conserves the spatial integral of u over time, while
the combustion (KS) form does not. KS exhibits more complex dynamics because it is
not constrained by the conservation law, leading to richer patterns, while KS-c is more
stable. See Figure 6.12 and Figure 6.11 for examples of trajectories. We see that the
patterns of KS-c are more centred near zero.

Depending on the IC, the change from a decaying to a chaotic state happens at a
different time horizon. The PDE coefficients impact the range of chaotic patterns. Origi-
nally in APEBench, the solver performs warmup steps to ensure that the dynamics are in
the chaotic regime for most of the trajectory, but we choose to not perform these warmup
steps to have more diverse trajectories and to better show the effect of IC parameters on
the dynamics.

The Korteweg-de Vries (KdV) equation with dissipation is a fourth-order nonlinear
PDE exhibiting decaying dynamics. The standard KdV equation models waves on shallow
water surfaces, plasma physics, and lattice dynamics [110].

It is given by:

KdV(a3, a4, b) : ∂u

∂t
= a3

∂3u

∂x3 − a4
∂4u

∂x4 − b
1
2

∂u2

∂x
(6.19)

While the standard KdV equation exhibits a soliton behaviour (waves that travel
without changing shape), the dissipative version we use produces decaying wave structures
rather than shape-preserving solitons, resulting in smoother yet nonlinear dynamics. The
complexity is lower compared to KS equations, but non-linearities create challenges for
surrogates. See Figure 6.7 for an example of trajectory.

Depending on the IC, the wave patterns vary in complexity and decay at different
rates. Depending on the PDE coefficients, the dissipation strength and wave propagation
characteristics differ.

Difficulty levels. The APEBench provides an interface to systematically control the
complexity of the discrete dynamics through a set of coefficients that capture the difficulty
of the surrogate learning problem. These difficulty coefficients are based on the Courant-
Friedrichs-Lewy (CFL) stability condition numbers. Depending on the discretisation and
PDE coefficients, the information propagation speed through the mesh and across time
steps changes and can be characterised by these numbers. By generalising this concept,
APEBench enables systematic benchmarking across a wide spectrum of PDE dynamics
complexity.

For linear operators, for the s-th order spatial derivative term with physical coefficient



108 CHAPTER 6. ONLINE AL FOR SURROGATES

as, the corresponding linear difficulty coefficient γs is defined as:

γs = as∆t

Ls
·N s

x · 2s−1 ·Nd, (6.20)

where ∆t is the time step size, L is the domain length, Nx is the number of spatial
discretisation points, and Nd is the number of spatial dimensions. The nonlinear difficulty
coefficients δop are defined similarly depending on the operator, using ∆t, L, Nx, Nd, and
additionally expected maximum absolute value of the solution over the domain. For
further details, we refer to [108].

Together, these coefficients characterise the dynamical behaviour of a chosen PDE
system. According to APEBench, the KS equations are represented with linear diffi-
culty coefficients {0, 0, γ2, 0, γ4} and nonlinear coefficients {δconv} (convection, conserva-
tive) or {δgn} (gradient norm, combustion), while KdV is represented by {0, 0, 0, γ3, γ4}
and {δconv_sc} (single channel convection).

In addition to the default set of difficulty coefficients provided by APEBench, we select
a harder set of coefficients for each PDE to increase the complexity of the dynamics and
to better demonstrate the effect of AL methods.

As the spatial discretisation is increased from Nx = 160 in APEBench to Nx = 800 in
our setup, the difficulty of learning the dynamics increases too, and the coefficients are
scaled accordingly. Specifically, a coefficient γs in APEBench, in our setup is scaled by a
factor of (800/160)s, according to the Eq. (6.20). For example, for KdV equation, the γ3
coefficient in APEBench is −14, and in our setup it is scaled to −14 ·(800/160)3 = −1750.
To avoid confusion and to keep the connection with the APEBench setup, in Table 6.3
we report the difficulty coefficients before scaling, and in the experimental code we use
the scaled values.

Additionally, to quantify the difficulty of each trajectory in terms of its dynamics
across time, we define a metric called diffstd. It measures the temporal variability of
spatial variation in the trajectory by computing the standard deviation of spatial standard
deviations of differences between consecutive timesteps. Higher values indicate more
variability in the temporal changes, which is associated with more complex and chaotic
dynamics.

The metric is defined as follows:

σjt =

⌜⃓⃓⎷ 1
Nx
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(︂
(X t+1

j −X t
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(6.21)
To show the visual difference between the two difficulty coefficient sets, we provide

some trajectory examples for each set for each PDE. We provide the diffstdj values to
facilitate the comparison. In Figure 6.9 for KS, the patterns for the harder case are
more complex and chaotic compared to the default case. In Figure 6.12 for KS-c, the
harder case example trajectory shows more nonlinearities compared to the default case.
In Figure 6.7 for KdV case, the difference is less pronounced, but still visible – the default
case example trajectory decaying dynamics converge earlier and show less variability near
the boundary.
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Table 6.3: Sets of difficulty coefficients γ and δ for each PDE (before scaling). Each PDE
is tested with a default and harder difficulty coefficients set.

PDE Tag Linear Coefficients Nonlinear Coefficients

KS-c default γ = {0, 0,−2, 0,−18} δconv = −1
harder γ = {0, 0,−3, 0,−50} δconv = −1

KS default γ = {0, 0,−1.2, 0,−15} δgn = −6
harder γ = {0, 0,−3.3, 0,−30} δgn = −6

KdV default γ = {0, 0, 0,−14,−9} δconv_sc = −2
harder γ = {0, 0, 0,−20,−5} δconv_sc = −2

IC function form and parameters. For the IC function, we employ truncated Fourier
series[16], which in 1D corresponds to a superposition of sine waves given by:

g0(x; A1, . . . , AK , φ1, . . . , φK) =
K∑︂
k=1

Ak sin(kx + φk), (6.22)

where K is the number of waves (the cutoff), Ak and φk are the amplitude and the phase
shift of the k-th wave. Changing these parameters allows creation of a wide range of IC
functions with different levels of detail, which affects the complexity of the dynamics. In
APEBench, the amplitudes are sampled uniformly from [−1, 1] and the phase shifts from
[0, 2π], which we adopt in our setup.

We make the following two modifications to the IC function generation.

In APEBench experiments, the cutoff value is set to K = 5. However, high cutoff
results in IC functions with significant high-frequency content, which in the case of KS
equations leads to chaotic behaviour appearing early for most of the ICs. Instead, we
consider two cases, namely K = 2 and K = 3, which lead to more diverse trajectories.
This effect can be seen by comparing Figures 6.8 and 6.10: with a cutoff of 3, the KS
solution shows more complex patterns compared to a cutoff of 2.

Additionally, in APEBench, the generated initial states are normalised to have a max-
imum absolute value of 1. However, this breaks the dependency on the IC parameters, as
different combinations of amplitudes can lead to the same initial state after normalisation.
We instead normalise the initial state by simply dividing values by K, which ensures that
the maximum value is at most 1, while preserving the dependency on the IC parameters.
To study the effect of normalisation, for the KS equation we consider two cases, namely
without normalisation and with our normalisation approach. The effect of normalisation
can be seen by comparing Figures 6.8 and 6.9: without normalisation, the KS solution
transitions into chaos earlier compared to with normalisation.

For the AL method, the IC parameters vector to sample from is defined as λ =
(A1, . . . , AK , φ1, . . . , φK), where K is either 2 or 3 depending on the experiment.

Case combinations. In total, there are 10 cases as we combine different PDEs (KS,
KS-c, KdV), difficulty levels (default, harder), cutoff values (2, 3), and normalisation
options (with, without):

• (2 cases) KS, default difficulty, K = 2: with or without normalisation;

• (4 cases) KS, harder difficulty: K = 2 or K = 3, with or without normalisation;
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• (2 cases) KS-c, K = 3, with normalisation: default or harder difficulty;

• (2 cases) KdV, K = 2, with normalisation: default or harder difficulty;

Examples of dynamics We provide examples of trajectories for different PDE cases
to illustrate the effect of chosen parameters on the dynamics visually and statistically.
In Figures 6.7-6.12, we show pairs of trajectories for the same IC parameters (except
KdV, see the caption note) for the default and harder difficulty levels (upper and lower
subfigures, respectively).

Each subfigure contains the following plots (top to bottom, left to right), where we
use the notation (x-axis, y-axis) or (x-axis, y-axis, colour) to indicate what each axis
represents:

1. Line plot (space, solution) of the solution at timesteps t = 0 (green), 1 (dotted
green), Nt − 1 (red dotted), and Nt (red). We can analyse the difference between
the initial and final states, and assess the overall change in the solution over time.

2. Image plot (space, time, solution) of the full trajectory. The colour map is centred
at zero (white), with negative values in blue and positive values in red. This shows
how the solution evolves across space and time.

3. Line plot (time, mean solution) with shaded area representing one standard devia-
tion. We can see how the average behaviour of the solution changes over time, and
statistically assess the variability across time.

4. Set of line plots (space, solution, time) showing the solution at every 5th timestep
with colour ranging from green (initial state, t = 0) to red (final state, t = Nt).
This visualisation shows the evolution of the solution shape, the rate of divergence
from the initial state, and temporal variability — particularly useful for chaotic
dynamics.

5. Line plot (space, mean solution) with shaded area representing one standard devia-
tion. We can see how the average behaviour of the solution changes over space, and
statistically assess the variability across space.

6. Line plot (time, std of differences) of the standard deviation of the difference between
consecutive timesteps over time. We can see the variability in temporal changes
between timesteps.

Each vertical axis range and colour bar scale is fixed across all plots of the same type
for better comparison between different cases and trajectories, except for the line plot (3)
where the y-axis limits are set per trajectory as minimum and maximum of the solution
values across space and time.

To avoid cluttering the manuscript, we provide only the examples needed to illustrate
the effect of the IC parameters and difficulty sets on the dynamics.

6.4.3.2 Surrogate training details

As the AL method is designed to be model-agnostic, we choose one surrogate architecture
for all experiments to focus on studying the method’s performance across PDE cases. Ac-
cording to the APEBench results, the UNet architecture performs consistently well across
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(a) Default, diffstd1348 = 1.1e−2

(b) Harder, diffstd241 = 8.2e−3

Figure 6.7: KdV, K = 2, for λ1348 and λ241. These two IDs are almost the same IC
parameters, but different dynamics due to different difficulty parameters.
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(a) Default, diffstd70 = 1.6e−3

(b) Harder, diffstd70 = 4.6e−2

Figure 6.8: KS, K = 2, for λ70
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(a) Default, diffstd320 = 1.8e−3

(b) Harder, diffstd320 = 5.3e−2

Figure 6.9: KS, K = 2, with normalisation, for λ320
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(a) Default, diffstd6 = 2.4e−3 (not used for the experiments)

(b) Harder, diffstd6 = 4.9e−2

Figure 6.10: KS, K = 3, for λ6
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(a) Default, diffstd973 = 4.0e−3 (not used for the experiments)

(b) Harder, diffstd973 = 4.3e−2

Figure 6.11: KS, K = 3, with normalisation, for λ973
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(a) Default, diffstd979 = 2.4e−2

(b) Harder, diffstd979 = 8.6e−2

Figure 6.12: KS conservative, K = 3, with normalisation, for λ979
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different PDEs, often outperforming other architectures. Since the spatial discretisation
in our experiments is higher compared to APEBench, we increase the depth of the net-
work from 2 to 4, but decrease the width from 12 to 6 to keep the number of parameters
manageable and the model size close to the one used in APEBench.

We use the default optimiser and loss, i.e., Adam and MSE loss, and we tune the
training hyperparameters such as learning rate and batch size to ensure stable training
and good convergence when uniform sampling is used. Specifically, the learning rate is
set to 10−3 with decay to 10−4 over 5000 iterations, and the batch size is 256.

Following APEBench, we evaluate the surrogate’s ability to predict beyond the train-
ing temporal horizon. We provide only the first 75% of a trajectory for training, while
validation is performed on full trajectories (the ∆t is kept the same). We set Nt = 100 for
all PDE cases except default KS, K = 2 (with and without normalisation), where we set
Nt = 200 to ensure that the dynamics transition into chaos within the training horizon
for most of the ICs, which allows us to better demonstrate the effect of AL methods. In
comparison, in APEBench training trajectories consist of 50 timesteps, and testing of 200
timesteps.

The total number of simulations generated is set to N = 2000 (N = 4000 for Nt = 200),
which is considerably higher (×40) compared to APEBench experiments, where in an
offline setting the dataset consists of 50 trajectories. However, for the online setting, even
N = 2000 is relatively small-scale experiment, as the total training data produced takes
only approximately 690 Mb (for Nt = 100) and we can fit all the data in the memory. We
choose this number to be able to run a wide range of experiments. To mimic large-scale
training setups, we intentionally limit the Buffer size to contain only 6.5% of the total
data created, i.e., NB = 100. This ensures that training is done in an online fashion and
the surrogate sees only a fraction of the data at each training iteration, which is typical
for large-scale training setups. The number of concurrent solvers is set to NS = 8 to
ensure diversity of the data in the Buffer and balance between the data generation and
training speeds.

To compare the Breed regimes and the baseline fairly, we fix the model’s initialisation
and the initial set of IC parameters across all the compared methods and PDE cases,
and we run each experiment once. For a subset of experiments, we perform multiple
runs with different seeds generating the initial set of IC parameters. We include 3 PDE
cases, namely KS with K = 2 and normalisation, KS with K = 3 without normalisation,
and KS-c with K = 3 with normalisation, and we compare the broad Breed regime with
uniform sampling. For each case and method, we perform 5 runs with different seeds. We
choose to perform seeded runs only on a subset to reduce the computational burden, while
still being able to provide statistically significant results. However, inherent randomness in
the online training process—caused by asynchronous data generation, Buffer management,
and GPU non-determinism—introduces inevitable variability in the results.

Duration of training. Duration of one experiment is set to 1 hour (2 hours for Nt =
200, 30 minutes for seeded runs), which results in approximately 3-5k training iterations
using a single V100 NVIDIA GPU. The variation in the number of training iterations is
caused by the asynchronous nature of the online training process. For the same amount
of generated data, a surrogate may perform different number of gradient updates due to
the variability in communication time between Clients and Server within the cluster and
inherent GPU non-determinism. Thus, we report summary results at a given training
iteration, which is available for all experiments, to ensure fair comparison. We choose to



118 CHAPTER 6. ONLINE AL FOR SURROGATES

Figure 1a

Figure 1b

Figure 2

Figure 3

Figure 4

Table A

NPY data

rollout losses

1-to-1 losses

predictions

val. samples (part)

Over PDEs

O
ve

r M
E

TR
IC

s

over CHKPTs

over 
METHOD

s

Over PDEs, METHODs, CHKPTs
Over PDEs, over CHKPTs

over 
METHODs

Validation 
datasets

Configs 
Valsets 10%

Exp B

Tensorboard 
events

Model weights 
checkpoints

Configs B

Configs A

Exp A

Model weights 
checkpoints

Tensorboard 
events

CSV B

Included in “Code”

CSV A

Included in “+data”

Figure 6.13: Assets organisation diagram.

report results at iteration i = 3000 as it is the last checkpoint available for testing for all
experiments, while some experiments have checkpoints at the i = 4000 iteration.

Assets and reproducibility. The assets of the experiments are organised as shown
in Figure 6.13. The code, configurations, and intermediate results data are publicly
available at https://github.com/svdcvt/breed_neurips_experiments_assets. We
provide detailed instructions to reproduce the results. Full assets are under restricted
access, available with a token-link2. It provides all the test datasets, models’ checkpoints,
additional data arrays, figures, and environment container (in total around 28Gb).

6.4.3.3 Evaluation details

We use a test set Dtest of 1500 trajectories. The IC parameters are sampled from a quasi-
uniform distribution using Hammersley sequence to ensure low-discrepancy coverage of the
space. Testing is performed separately after the training is finished, as to not interfere
with the online training process. The model’s weights checkpoint is saved every 1000
training iterations for testing.

Metrics. As mentioned before, we use a MSE loss for training. For evaluation, we report
per-sample MSE over the test set through distribution statistics. Namely, mean (MSE),
standard deviation (MSEsd), and maximum (MSEmax). The mean of MSE captures the
average error, while the standard deviation and maximum capture the variability and
worst-case error, respectively, which are important for assessing the surrogate’s reliability
and generalisation.

These are defined as follows:

MSEsample(θ; X t) = 1
Nx

∥X t+1 − f(X t; θ)∥2
2 (6.23)

2https://zenodo.org/records/15490672?token=... (hyperlink contains the full token)

https://github.com/svdcvt/breed_neurips_experiments_assets
https://zenodo.org/records/15490672?token=eyJhbGciOiJIUzUxMiJ9.eyJpZCI6Ijc3NzZhY2YyLWI4YTMtNGI0Ni1iZTI3LWMwNTUzZWQzMGNhYiIsImRhdGEiOnt9LCJyYW5kb20iOiJkN2ZlYzhhNDA3MGUwYjliYzg4YzlhNmFjMDY0YmVhOSJ9.GexD79FJ1SO3UWqOOOFXZs4dPqSCOxz_kQ8Zcnj3-D_6wRBEOsAhrzRdZil2IparQWQ6K-NBqWJCszuaXwoZQQ
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MSE(θ;Dtest) = 1
|Dtest|

∑︂
Xt∈Dtest

MSEsample(θ; X t) (6.24)

MSEsd(θ;Dtest) =
⌜⃓⃓⎷ 1
|Dtest|

∑︂
Xt∈Dtest

(MSEsample(θ; X t)−MSE(θ;Dtest))2 (6.25)

MSEmax(θ;Dtest) = max
Xt∈Dtest

MSEsample(θ; X t) (6.26)

Visualisations. We use several visualisations to present the experimental results from
different perspectives: final validation error distribution, dynamics of metrics across train-
ing iterations, sampling behaviour, and dependency of the surrogate’s performance on the
IC parameters. We describe each visualisation in detail.

Comparing test loss distributions. A line plot of the empirical cumulative distribu-
tion function (eCDF) of the per-sample MSE losses over the test set at a given training
iteration. See Figure 6.15, where we provide this visualisation for each PDE case (indi-
cated in the subtitle), using the checkpoint i = 3000 for testing, as it is available for every
experiment. Horizontal axis corresponds to the loss value (log scale) and vertical to the
fraction of samples with loss less than or equal to the corresponding loss value. Every line
corresponds to a distribution of test losses of surrogate trained using a different method
(colour and marker provided in the legend). Each point-marker of the line corresponds
to every 10-th percentile of the distribution, including minimum, maximum, and median
values (horizontal grid lines serve as guide for percentiles).

This visualisation allows clear comparison of different distributions and their proper-
ties, such as variance and maximum value.

Metrics progression during training. A point plot of a metric (y-axis) over the
test set across training iterations (x-axis). See Figures 6.17, 6.18, where we provide this
visualisation for each metric, PDE case, and method, using all the checkpoints available
for testing. Each point corresponds to the metric value computed on the test set for a
given model’s checkpoint and a given method (different colours and markers provided in
the legend). Points are connected with lines for guidance and highlighting the trends.

This visualisation allows assessing the convergence of the surrogate and the data effi-
ciency of the method, as well as comparing the performance of different methods across
training iterations.

Metrics progression with statistical significance. A line plot with error bars of
the validation metric (y-axis, log scale) value over training iterations (x-axis) averaged
across multiple seeded runs. See Figure 6.16, where we provide this visualisation for the
subset of experiments with seeded runs, with each row corresponding to a different PDE
case and each column to a different metric. Each solid line corresponds to the mean value
of the metric across seeded runs for the compared method (different colours provided in
the legend), with error bars representing 95% confidence interval around the mean. For
better visualisation, we omit the first 199 training iterations, because at the beginning of
training the metric values are very high and the differences between methods are minor,
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Figure 6.14: Comparison of the mean-over-trajectory test loss distribution over IC pa-
rameters between Breed (left) and uniform sampling (right) for default KdV at training
iteration i = 4000.

which makes it less clear to see the trends and differences between methods in the later
stages of training.

This visualisation allows assessing the statistical significance of the results and the
variability of the method’s performance.

Sampling distribution progression. Pairwise scatter plots of solver input parameters
sampled across resampling iterations. We provide this visualisation only for one PDE
case (KS with K = 2) for two Breed regimes (broad and precise) to avoid cluttering
the manuscript. See Figures 6.19 and 6.20. Each subplot corresponds to a different pair
of IC parameters (amplitude and phase shift parameters), indicated in the horizontal
and vertical axes labels. Each scatter point corresponds to a sampled parameter vector
from the proposal distribution at a given resampling iteration, with colour indicating the
iteration index (colour bar is provided) and from random distribution (grey colour).

This visualisation allows assessing how the sampling distribution evolves across resam-
pling iterations and its convergence towards certain regions of the parameter space.

Loss distribution over IC parameters. A scatter plot of per-sample loss values over
the test set for different methods. We provide this visualisation only for one PDE case (de-
fault KdV), comparing Breed and uniform sampling, to avoid cluttering the manuscript.
See Figure 6.14. Each point corresponds to a (A1, A2) pair of IC parameters for a sample
λj from the test set. The colour of the point corresponds to an average per-sample MSE
loss value across time steps of the trajectory Xj predicted by the surrogate with a given
checkpoint. As the distribution of loss values across the test set is highly skewed towards
zero, resembling log-normal distribution, we use logarithmic colour scale to have better
visualisation of the loss distribution. The colour bar is provided for reference, with the
same scale across all compared methods.

This visualisation allows assessing how the surrogate’s performance varies across dif-
ferent regions of the IC parameter space, and whether certain regions are more challenging
for the surrogate to predict.

6.4.4 Experimental Results and Analysis
6.4.4.1 Overall performance from distributional perspective

We summarise the results of all experiments in Table 6.4, where for each PDE case and
method we report the mean, standard deviation, and maximum of the distribution of
test losses at iteration i = 3000. Full distributions of the test losses are visualised in



6.4. ADVANCED EXPERIMENTS 121

Figure 6.15, allowing to assess form of the distribution (centre, modes, tails) and compare
median and minimum values.

Lower worst-case errors and dispersion. Compared to the uniform baseline, the
Breed regimes consistently show lower standard deviation and maximum values of the test
loss distribution across all PDE cases. In some cases, the difference reaches one order
of magnitude, for example, the worst-case error in default KS and KdV cases, and the
deviation in harder KS with K = 3 and normalisation, default KS-c, and default KdV
cases.

For tasks where worst-case error is important, such as safety-critical applications, this
improvement is significant as it indicates that the surrogate is more reliable and less
likely to produce large errors on outliers. The reduction in dispersion also suggests that
the surrogate’s performance is more consistent across different samples, which can be
crucial for tasks where uniformity of performance is desired.

Resulting shift in median and minimum errors. We found that the improvement
in the worst-case error often results in increase of minimum and median values. In 3
cases, namely harder KdV and default KS with K = 2 with and without normalisation,
the shift of the distribution towards centre is specifically notable for Breed.

This apparent degradation of average performance can be beneficial: without AL,
uniform sampling encourages overfitting to simpler dynamics, with minimum errors 2-3
orders of magnitude lower than the maximum. Breed narrows the loss range, suggesting
slower but potentially better convergence towards a global optimum.

In two cases, however, namely default KdV and harder KS with K = 3 and nor-
malisation, both minimum and median errors are lowered by Breed. Interestingly, the
improvement of the median error in the former case is more notable than in the latter
(visible in Figure 6.15), but the improvement of the average error is more notable in the
latter case (visible in Table 6.4).

We acknowledge this inconsistency across different PDE cases. We hypothesise that
Breed can exhibit different behaviour across different PDE cases mainly due to the direct
way to model the proposal sampling distribution with an adaptive mixture of Gaussians.
This approach, while simple, has low adaptability and expressivity, leading to mode col-
lapse and difficulty in capturing complex distributions.

Multimodal loss distribution. We notice that for harder KS and both KS-c cases the
loss distribution has two modes and heavy right tail, spanning several orders of magnitude.
We tend to characterise these PDE dynamics as more complex, and, likely, more sensitive
to the IC parameters. For some of these cases, in Figure 6.15, we can see Breed to
slightly improve the central part of the distribution (harder KS-c, harder KS with K = 2
and no normalisation) or one of the modes (default KS-c, harder KS with K = 2 with
normalisation). Additionally, for both harder KS with K = 2, the improvement of the
worst-case error is the smallest among all PDE cases.

This observation supports the aforementioned limitations. Additionally, we argue that
it is important to consider test error metrics beyond the average, which is the most com-
mon practice in the literature. For dynamics with high sensitivity to the parameters and
intricate parameters–solution dependencies, proper assessment of the surrogate’s perfor-
mance is essential for development of reliable surrogates.
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Table 6.4: Test metrics results for each PDE case and compared methods computed using
surrogate’s checkpoint at the 3000-th iteration. Lower is better, and we highlight the best
with gray background.

Method broad mixed precise soft uniform
PDE Difficulty K Norm Metric

MSE

KS default 2 False 4.9e-5 5.1e-5 8.7e-5 3.4e-5 2.8e-5
True 1.4e-5 2.2e-5 1.0e-5 9.2e-6 1.1e-5

harder 2 False 1.8e-4 3.3e-4 2.3e-4 3.9e-4 4.1e-4
True 2.1e-4 2.3e-4 3.2e-4 2.1e-4 3.0e-4

3 False 9.7e-5 1.1e-4 1.4e-4 1.0e-4 1.5e-4
True 8.9e-5 8.7e-5 7.2e-5 8.4e-5 1.5e-4

KS-c default 3 True 5.8e-5 6.9e-5 6.9e-5 7.7e-5 7.1e-5
harder 3 True 1.8e-4 1.6e-4 1.7e-4 1.3e-4 1.9e-4

KdV default 2 True 5.9e-6 8.0e-6 4.0e-6 3.4e-6 8.1e-6
harder 2 True 5.1e-6 2.6e-5 4.9e-6 4.3e-6 3.8e-6

MSEmax

KS default 2 False 2.4e-4 4.5e-4 6.6e-4 3.6e-4 3.6e-3
True 3.8e-4 6.1e-4 3.3e-4 3.8e-4 1.1e-3

harder 2 False 2.2e-1 2.8e-1 2.5e-1 3.1e-1 3.3e-1
True 1.4e-1 1.7e-1 1.8e-1 1.4e-1 1.8e-1

3 False 8.7e-3 3.0e-2 2.8e-2 3.0e-2 4.2e-2
True 7.0e-3 2.6e-2 2.5e-2 2.1e-2 6.2e-2

KS-c default 3 True 2.4e-3 5.3e-3 4.1e-3 5.2e-3 7.9e-3
harder 3 True 5.4e-3 6.3e-3 1.0e-2 1.1e-2 1.4e-2

KdV default 2 True 5.5e-5 1.3e-4 3.3e-5 5.5e-5 5.7e-4
harder 2 True 2.9e-5 1.2e-4 4.0e-5 3.2e-5 4.7e-4

MSEsd

KS default 2 False 3.2e-5 3.0e-5 6.0e-5 2.1e-5 5.7e-5
True 1.4e-5 1.6e-5 1.4e-5 1.2e-5 2.2e-5

harder 2 False 2.2e-3 3.7e-3 3.0e-3 4.3e-3 4.6e-3
True 2.2e-3 2.9e-3 3.3e-3 2.4e-3 3.1e-3

3 False 9.6e-5 3.9e-4 3.7e-4 4.0e-4 5.7e-4
True 1.0e-4 3.6e-4 3.3e-4 2.6e-4 1.0e-3

KS-c default 3 True 5.6e-5 7.6e-5 7.1e-5 8.2e-5 1.2e-4
harder 3 True 1.6e-4 1.4e-4 1.8e-4 1.7e-4 2.3e-4

KdV default 2 True 3.4e-6 6.3e-6 2.7e-6 2.8e-6 1.2e-5
harder 2 True 2.3e-6 1.1e-5 3.2e-6 2.8e-6 9.4e-6
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Figure 6.15: Empirical cumulative distribution functions of test per-sample MSE loss
values (log scale) at iteration 3000 across 10 PDE cases (each subfigure) and 5 sampling
methods (colours are provided in the legend). Leftward shifts indicate better performance
(more frequent low loss values), narrower horizontal spread indicates lower variance, and
maximum loss values correspond to the rightmost points where curves reach probability
1.0. Markers indicate every 10-th percentile for guidance.
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Comparison of Breed regimes. Among the Breed regimes, in terms of worst-case
error and dispersion, the broad regime often shows the best performance, while the mixed
being the worst. For mean error, the soft regime performs on-par with the broad regime,
while the precise and mixed regimes often show worse performance.

We attribute these differences to the exploration-exploitation trade-off and the respon-
siveness of the regimes. The soft regime explores the space the most, with a larger fraction
of uniformly sampled points, more Gaussian components, and more frequent resampling.
In contrast, the precise regime explores the least, focusing on narrow neighbourhoods
with fewer components and rare resampling, which likely explains its poorer performance
in both worst-case and mean error. The broad regime strikes a balance between these
extremes but uses a stronger concentration on high-loss areas, which we argue is the main
reason for its strong worst-case performance while maintaining competitive mean error.

This finding highlights the importance of optimal configuration of the method, which
can be challenging due to the large number of hyperparameters and their complex inter-
actions.

6.4.4.2 Dynamics across training iterations

Thus far we have focused on the results at a given training iteration, however, it is also
important to assess the surrogate’s convergence behaviour.

Test metrics dynamics. One of the AL goals is to improve the data efficiency of
training, i.e., achieve desired performance with fewer data samples and training itera-
tions. While we have already discussed the significant reduction of the worst-case error
and dispersion by Breed, here we investigate how early Breed achieves these improve-
ments. From Figures 6.17 and 6.18, we see that in most cases, Breed, particularly the
broad and soft regimes, reaches the same level of worst-case error and dispersion as the
uniform baseline by around the 2000-th iteration, i.e., using roughly half as many training
iterations and data samples, and in some cases (KdV and default KS with K = 2 without
normalisation) even by the 1000-th iteration.

As of the mean error, there are 4 cases where Breed reaches the same or lower mean
error than the uniform baseline at the last checkpoint, namely both harder KS with
K = 2, harder KS with K = 3 and normalisation, and default KS-c. Specifically for both
harder KS with K = 2, the same level of mean error as the uniform baseline is achieved
at around the 2000-th iteration for the broad regime.

These results show that Breed can outperform the baseline with significantly fewer
training data and iterations, which is a crucial advantage for training surrogates for com-
plex PDEs, where data generation can be computationally expensive.

Statistical significance. For the seeded runs subset, these findings are more substan-
tiated, since the test metrics are calculated more frequently across training iterations,
enabling better assessment of the trends, and the confidence intervals provide insight into
the reliability of the results. From Figure 6.16, we see that Breed consistently shows lower
worst-case error and dispersion than the uniform baseline across training iterations, with
broad regime showing better performance than the mixed regime. For mean error, the
results are more mixed, with some cases showing improvement by Breed (harder KS with
K = 3 and normalisation) and others showing similar (default KS-c) or worse (default
KdV) performance compared to the uniform baseline.
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Figure 6.18: Continued: evolution of the test metrics (columns, y-axis) across training
iterations for different methods (coloured markers are provided in the legend). Every
row corresponds to a different PDE case indicated on the left. Calculated using the
checkpoints available for testing, which are every 1000 iterations (x-axis).
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6.4.4.3 Regions of interest in the parameter space

Apart from the quantitative metrics, we investigate what regions of the parameter space
the method focuses on and how it correlates with the surrogate’s performance across the
parameter space.

Sampling behaviour. We provide the visualisation of the sampling distribution across
resampling iterations for default KS with K = 2 and normalisation and two Breed regimes,
namely broad and presise, in Figures 6.19 and 6.20, respectively. For both regimes,
most samples concentrate in regions with higher amplitude values, especially the first
component, which correspond to more complex dynamics and higher losses, while phase
parameters exhibit no strong sampling pattern.

The difference in sampling behaviour between the broad and precise regimes is very
noticeable. The precise regime tends to have clusters of samples in certain regions of the
parameter space, especially at the later resampling iterations. It also exhibits “holes” in
the sampling distribution, i.e., regions of the parameter space that are not sampled at all
by the Gaussian components.

Error distribution over IC parameters. We visualise the test error distribution
over the amplitude parameters for default KdV, comparing Breed regimes to the uniform
baseline in Figure 6.14.

Breed regimes show more uniform distributions of losses, achieving reduced loss in the
regions of higher amplitude values, compared to the uniform baseline. However, the values
near zero amplitude values, which correspond to simple dynamics, have higher losses
compared to the uniform baseline, especially broad and mixed regimes. This observation
is consistent with the previous findings about the shift of the loss distribution towards
the centre and increase of the minimum error by Breed.

6.4.5 Extended Experiments
The primary limitation of the experiments is insufficient training convergence observed
in many cases, which we attribute to the limited number of iterations performed. This
stems from hardware constraints of the GRICAD HPC cluster used for the experiments:
low CPU-GPU bandwidth (PCIe 3.0, ∼16 GB/s), limited GPU-GPU bandwidth (PCIe,
∼32 GB/s), slow inter-node network (Omni-Path, 100 Gb/s), and modest compute capa-
bility (NVIDIA V100, 32 GB). Together, these constraints prevented reaching adequate
convergence within the available computational budget of 1 hour per run. Additionally,
surrogate test evaluation was performed post-hoc on a sparse set of checkpoints, since
evaluating on the large test dataset requires pausing the online training process for sev-
eral minutes. This limits how frequently the surrogate can be assessed during training,
reducing the resolution at which test loss trends can be observed.

To address these limitations, we gained access to the Leonardo supercomputer at
CINECA (ranked 10th in the TOP500), providing significantly higher bandwidth (NVLink
600 GB/s GPU-GPU, PCIe 4.0 ∼32 GB/s CPU-GPU, InfiniBand HDR 400 Gb/s inter-
node) and more powerful compute (NVIDIA A100, 64 GB), allowing faster and more
stable training. Additionally, we developed an external validation pipeline that performs
evaluation in parallel with training, enabling more frequent surrogate assessment without
interfering with the training process. We conducted additional experiments to validate
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the main results and investigate the method’s performance in greater depth with these
improvements.

Setup. We selected a representative subset of experiments for reproduction under the
improved setup: KdV harder, KS default with K = 3 and without normalisation, and
KS-c default with K = 3. Training was extended to 40,000–60,000 iterations with 9
independent runs per configuration (3 different random seeds, each repeated 3 times to
account for online training stochasticity). We used the same model architecture with
adjusted learning rate and batch size. The comparison focused on uniform sampling
versus Breed with parameters ε0 = 1.0, εc = 0.5, c = 5, Np = 1000, p = 500, and other
settings matching the broad regime configuration.

The unusually high value of ε(0) = 1.0 is motivated by an observed discrepancy be-
tween the expected and actual ε-schedule during early training. Before the first resampling
iteration, clients use parameters sampled from the uniform distribution, and the Buffer
is populated with training samples generated from these uniformly sampled parameters.
After the first several resampling iterations, the Buffer still contains predominantly sam-
ples generated from the uniform distribution, as eviction is performed randomly without
differentiating between samples from uniform or concentrated distributions. This results
in a lower ratio of concentrated samples in the Buffer than intended by the ε-schedule.
Setting ε(0) to a higher value compensates for this effect by increasing the proportion of
concentrated samples during early training, which improves initial surrogate convergence
and overall method performance.

Results. The results confirm our previous findings: as shown in Figure 6.21, Breed
achieves lower variance and maximum loss values compared to uniform sampling across
all tested cases. Furthermore, these extended experiments reveal that Breed also achieves
lower mean loss values due to improved surrogate convergence enabled by the longer and
more stable training process. The 10–90th percentile intervals demonstrate that Breed
maintains more consistent performance throughout training.

The seeded-repetition experimental design (3 seeds, each repeated 3 times) proved
particularly valuable for assessing method robustness under online training conditions.
Figure 6.22 shows results for each individual run, revealing that even runs with iden-
tical seeds can exhibit variability due to training stochasticity, with occasional outliers.
Notably, Breed demonstrates not only greater consistency across repetitions but also
superior performance even in its worst-case runs. In contrast, uniform sampling demon-
strates higher variability and worse outlier behaviour, highlighting Breed’s robustness to
the inherent randomness of online training.

6.4.6 Discussion and Limitations
Our results show that Breed can substantially reduce worst-case error and dispersion
across PDE cases, often without degrading mean error and sometimes even improving
it. At the same time, several limitations of the current formulation and evaluation setup
constrain its applicability and point to directions for future work.

A first limitation concerns scalability with respect to the parameter space. Breed mod-
els the proposal distribution with Gaussian mixtures, whose complexity and expressivity
become problematic as dimensionality grows. In this work we focused on one-dimensional
PDEs at moderate resolution, with a relatively simple surrogate and a low-dimensional
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Figure 6.19: Pair plot of sampled IC parameters, i.e., amplitudes and phase shifts, across
resampling iterations (colour) for KS default with K = 2 using broad regime.
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Figure 6.20: Pair plot of sampled IC parameters, i.e., amplitudes and phase shifts, across
resampling iterations (colour) for KS default with K = 2 using precise regime.
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Figure 6.21: Additional experiments: evolution of test metrics (columns, y-axis, log
scale) for Breed (blue) and uniform (orange) sampling across three PDE cases (rows).
Solid lines show mean values, shaded regions indicate 10–90th percentile intervals over 9
repeated runs.
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Figure 6.22: Additional experiments: evolution of test metrics (columns, y-axis, log
scale) for Breed (blue) and uniform (orange) sampling across three PDE cases (rows).
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parametrisation of initial conditions. Moving to two-dimensional PDEs, conditional sur-
rogates with varying physical coefficients, or mixed continuous-discrete parameter spaces
would dramatically increase the number and heterogeneity of parameters, and it is un-
clear whether the current mixture-based proposal can capture the resulting complex,
multimodal structures in a robust way.

Second, our analysis highlights the need for more careful evaluation metrics and valida-
tion sets. Because the loss distributions are highly skewed, average errors are not sufficient
to assess surrogate quality. Moreover, the unnormalised loss biases both evaluation and
the Breed acquisition towards samples with large state magnitudes: high-amplitude con-
figurations naturally induce larger absolute errors, which Breed may prioritise even when
the underlying dynamics are not intrinsically harder, helping to explain the increased loss
near zero amplitudes. Using normalised error metrics for both training and evaluation
would mitigate this effect. In addition, our uniformly sampled validation sets inherit the
same skew towards easier configurations. It would be informative to complement them
with “hard” validation subsets that focus on challenging regions of the parameter space,
in the spirit of our first contribution with IPGD benchmark (see Section 5.3.1), to better
evaluate reliability under difficult conditions.

Third, the behaviour of Breed in terms of average error is not uniformly positive, even
when variance and worst-case error clearly improve. Our extended experiments suggest
that this is often due to insufficient convergence within the available training budget,
and, for the hardest cases, to limited surrogate capacity to represent the dynamics at
all. In such regimes, AL can reduce variability and extreme errors, and from the bias-
variance decomposition (see Eq. (1.7)) it is reducing the variance of the errors, but the
bias remains high, leading to worse average error. Similarly, from the perspective of
uncertainty decomposition, AL reduces part of epistemic uncertainty related to lack of
knowledge about the data, which can be reduced by sampling more and better data, but
residual epistemic uncertainty due to model architecture or training procedure remains
and must be addressed by improving the surrogate itself.

Finally, several methodology choices were kept intentionally simple and could be inves-
tigated in future work. We used a fixed parametric representation of initial conditions, but
alternative representations, such as learned latent spaces, may better capture structure
in complex dynamics. Similarly, we considered a single acquisition function and a partic-
ular temporal aggregation of trajectory losses. Exploring alternative criteria, for example
variance-based scores or different aggregation schemes, could yield more informative sam-
pling. Extending these ideas to surrogates trained over families of geometries, where AL
chooses simulation geometries, remains an open and practically relevant challenge.



Chapter 7

Generative-based Active Learning

As discussed in Section 5.2.2, the Breed method can be viewed as an importance sampling
(IS) method for a non-stationary target distribution defined by a chosen acquisition func-
tion. However, IS methods, being direct approaches to generative modelling, are known
to struggle in high-dimensional settings with complex, multimodal target distributions
[107]. This mirrors the scalability and expressivity limitations we observed for adaptive
Gaussian mixtures in the previous chapter.

In contrast, modern generative neural models have demonstrated stronger performance
on such distributions, particularly in challenging computer vision tasks with natural im-
ages and videos, where capturing rich multimodal structure is essential [107, 33, 73]. Their
high expressive power and flexible architectural design enable both efficient sampling and
accurate density estimation, making them attractive candidates for modelling complex
distributions in AL for PDE surrogates. Diffusion-based approaches, normalising flows,
and related architectures provide complementary trade-offs between expressivity, stability,
and computational cost.

Given these considerations, a natural direction for advancing AL for surrogates is
to replace adaptive Gaussian mixtures with generative neural models. In our context,
the dimensionality of solver parameters is typically much smaller than in vision tasks,
which allows us to use compact generative models. These can adapt rapidly to evolving
surrogate performance while remaining compatible with online training constraints and
not competing excessively for computational resources, in line with pillars I and III from
Section 6.1.1. Moreover, NNs offer additional flexibility, for example, to incorporate
heterogeneous parameter types or to condition on auxiliary physical information.

These ideas motivated the master internship project of Pierre Cesar, resulting in a
paper submitted to ICML on January 28, 2026, entitled “Learning Where to Simulate:
Generative Active Sampling for Online PDE Surrogate Training” and co-authored with
Pierre Cesar, Abhishek Purandare, and Bruno Raffin. As the paper and the manuscript
were developed concurrently, this chapter includes the submitted version of the paper with
adaptations. We provide the contributor roles following the CRediT taxonomy1 below.

Contributor note. Conceptualisation, Methodology, Investigation: Pierre Cesar (reali-
sation, subsequent concepts), Sofya Dymchenko (initial concept, further adaptation); Software,
Validation: Pierre Cesar (main) and Abhishek Purandare (support) – novel contribution, Sofya
Dymchenko – via prior contributions; Supervision: Sofya Dymchenko, Bruno Raffin; Visual-
isation: Pierre Cesar (main), Abhishek Purandare (support); Writing: Pierre Cesar, Sofya
Dymchenko, Bruno Raffin.

1https://credit.niso.org
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Figure 7.1: Online surrogate training workflow with OGAS (blue box). All components
are running in parallel.

7.1 Online Generative Active Sampling
In this chapter, we introduce Online Generative Active Sampling (OGAS), a generative
AL approach designed for online surrogate training.

As with Breed, OGAS operates within the Melissa framework and employs the im-
proved active sampling mechanism described in Section 6.4.1: an AL method steers data
generation by adapting the sampling distribution over solver parameters λ ∈ Λ and ac-
cordingly updating the subsequent solver instances periodically.

However, instead of relying on adaptive Gaussian mixtures, OGAS relies on a gen-
erative model, called the generator, to capture the evolving conditional distribution of
the configuration parameters λ given training signals (e.g., loss or uncertainty estimates)
computed for training batches. Similarly to Breed, the sampling distribution is a mixture
of concentrated generator-guided and uniform samples to maintain global coverage of Λ.

To facilitate training of the generator, the Resampler component of Melissa is (1)
run on a separate GPU, to speed up training and allow for more frequent updates, and
(2) modified to maintain a buffer that contains training signals and corresponding solver
parameters from recent surrogate updates, which are used to train the generator in parallel
with the surrogate. Additionally, OGAS incorporates a correction mechanism into the
generator training to mitigate bias towards previously sampled parameter regions – an
effect that we formalise theoretically.

We evaluate two variants of OGAS (using two variants of training signals) across three
challenging 2D PDEs with distinct dynamics (chaotic Kuramoto-Sivashinsky, turbulent
Navier-Stokes Kolmogorov flow, unsteady Gray-Scott reaction–diffusion) in parameter
spaces up to ≈ 300 dimensions, three surrogate architectures (UNet [248], FNO [127],
scOT [75]), and five baselines including uniform sampling, pool-based AL (SBAL, Top-
K [158]), and the online Breed. This experimental setup allows us to assess Breed in
higher-dimensional, more realistic scenarios, and to compare it directly with OGAS as a
generative alternative.

Compared to uniform sampling, OGAS consistently reduces 99th quantile errors by
28% and dispersion by 38% on average across all experiments, demonstrating improved
robustness and performance uniformity of the trained surrogates, without significantly
deteriorating average performance (−4%) and only ≈0.2% training time overhead.
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We detail specific to this work surrogate training formulation and notations2 in Sec-
tion 7.2 and present the OGAS method in Section 7.3. The experimental setup is de-
scribed in Section 7.4, followed by results and discussion in Section 7.5. We conclude
with limitations and future directions in Section 7.6.

7.2 Problem Setting
Parametrised PDE and numerical solver. Consider a parametrised PDE defined
on a periodic bounded spatial domain X ⊂ Rd over a time interval [0, T ]:

∂tu = N [u](t, x; λD), (t, x) ∈ [0, T ]×X ;
u(0, x) = u0(x; λIC), x ∈ X ;

(7.1)

where u(t, x) : [0, T ]×X → RNc is the solution with Nc channels, N [·] is a (possibly
nonlinear) differential operator parametrised by physical coefficients λD, and u0(·; λIC) is
a parametric initial condition (IC). We group physical and IC parameters into a single
solver parameters vector λ = (λD, λIC) ∈ Λ⊂ RND+NIC .

For given λ, a spatial grid of size Nx, and a timestep size ∆t, a numerical solver
S produces an approximate solution discretised in space and time in an autoregressive
manner. Let Xλ

t ∈ RNx×Nc denote the discrete solution state at timestep t. A sequence of
Nt states over time, i.e., a trajectory, is produced by evaluating u0(·; λIC) at grid points
to obtain Xλ

0 and then applying the solver for t = 1, ... , Nt:

Xλ
t = S(Xλ

t−1, λD), where Xλ
t ≈ u(t ·∆t, ·). (7.2)

Online surrogate training. We aim to approximate the solver S with a λD conditioned
autoregressive surrogate Sθ parametrised by θ. We adopt an r-step training strategy,
following Musekamp et al., 2025 [158]. Let Xλ

[t−r] denote a training sample consisting of
states {Xλ

t−r, ... , Xλ
t } and vector λD, S

(i)
θ be the i-th autoregressive application, then the

i-th step MSE loss is:

ℓi(Xλ
[t−r]; θ) = 1

NxNc

⃦⃦⃦
S

(i)
θ (Xλ

t−r, λD)−Xλ
t−r+i

⃦⃦⃦2

2
. (7.3)

For training, we use the average over r steps loss, i.e., ℓ(Xλ
[t−r]; θ) = 1

r

∑︁r
i=1 ℓi(Xλ

[t−r]; θ),
and aim to minimise expectation of ℓ(Xλ

[t−r]; θ) over (λ, t).
Training is performed online within the Melissa framework, using a Reservoir buffer

R described in Section 3.3.2, which ensures near-uniform distribution of timesteps in
training batches. We illustrate the workflow in Figure 7.1.

7.3 Methodology
At the core of OGAS is the generator pϕ with weights ϕ, a denoising diffusion proba-
bilistic model (DDPM) [78] equipped with classifier-free guidance [77]. It is trained asyn-
chronously alongside the surrogate to capture the evolving distribution of λ conditioned
on a training signal that quantifies trajectory informativeness. The signal is computed

2The notations used in this work slightly differ from the ones that are used throughout the thesis.
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Algorithm 5 OGAS: Online Generative Active Sampling
Require: uniform-mixture α ∈ (0, 1); admissible signal set A = [ε̃min, ε̃max]; proposal

k(ε̃) ∝ ε̃ 1A(ε̃); EMA decay γ; generator updates per cycle K; weight clip
[wl, wr].

Processes: generator pϕ(λ | ε̃); discriminator Dψ(λ) ∈ (0, 1); buffer B storing (λ, ε̃);
µ← 0, σ ← 1.

1: while training do
2: (1) Log standardized signals:
3: Receive batch {(λi, εi)}ni=1.
4: Compute minibatch (µmb, σmb) of {εi} and update

µ← γµ + (1− γ)µmb, σ ← γσ + (1− γ)σmb.
5: Standardize ε̃i ← (εi − µ)/σ.
6: Push {(λi, ε̃i)}ni=1 to B.
7: (2) Train the generator:
8: for s = 1, . . . , K do
9: Sample {(λj, ε̃j)}mj=1 ∼ B. ▷ y = 1 (buffer) class

10: Sample {λ̄j}mj=1 ∼ UΛ. ▷ y = 0 (uniform) class
11: Update Dψ on {(λ̄j, 0)}mj=1 ∪ {(λj, 1)}mj=1,

where Dψ(λ) = Pψ(y = 0 | λ).

12: Set ˆ︁wB(λj)←
Dψ(λj)

1−Dψ(λj)
and clamp to [wl, wr].

13: Update ϕ with weighted loss Eq. (7.14).
14: (3) If resampling request:
15: for all new solver run do
16: if ξ ∼ U(0, 1) < α then
17: λ ∼ UΛ
18: else
19: ε̃ ∼ k(ε̃), then λ ∼ pϕ(λ | ε̃)

with low overhead during surrogate updates and streamed to the generator. We apply
corrective updates to the generator training to mitigate a bias induced by historically
sampled regions of Λ. Subsequent solver instances are parametrised by sampling from a
mixture distribution consisting of a uniform component, ensuring global coverage of Λ,
and the generator-guided component, targeting challenging regimes. In Algorithm 5, we
summarise the full OGAS procedure, and we detail its components in the following.

7.3.1 Training Signal
For each sample Xλ

[t−r] in a training batch, we compute a training signal with a function:

ε = A(Xλ
[t−r]; θ) ∈ R+, (7.4)

where A is designed to quantify the informativeness of the sample for the surrogate at
current parameters θ. We consider two variants of A: loss-based and uncertainty-based.
The first is a last-step MSE loss divided by the L2 norm of the target state:

Aℓ(Xλ
[t−r]; θ) =

ℓr(Xλ
[t−r]; θ)

∥Xλ
t ∥2 + δ

, (7.5)
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where δ > 0 is added to avoid division by near-zero values. The second is based on an esti-
mated uncertainty using an ensemble of M identical models with independently initialised
and trained weights [194]. Let {θm}Mm=1 denote the parameters of the M surrogates of
the ensemble. Then, A is defined as the total variance of last-step predictions across the
ensemble, averaged over all channels and spatial locations:

Au(Xλ
[t−r]; θ) = Varm

[︂
S

(r)
θm

(Xλ
t−r, λD)

]︂
. (7.6)

To obtain training signals with a consistent scale throughout online training, we z-
standardise the raw values using running batch statistics. For each surrogate update, we
compute the batch mean and standard deviation (µ, σ) of the raw signals ε, update their
running estimates, and define the normalised training signal as ε̃ = (ε − µ)/σ. We log
pairs (λ, ε̃) in a dedicated buffer B, which the generator uses for training by uniformly
sampling batches from it. The signal computation and transmission are asynchronous
with surrogate training to avoid overhead.

The buffer B has a fixed capacity and stores only recent pairs – incoming pairs over-
write the oldest ones (FIFO strategy). Because the surrogate evolves throughout training,
older signals can become irrelevant; restricting B to recent samples reduces staleness and
improves the match between the generator’s conditioning variable and the current loss
landscape.

7.3.2 Signal-conditional Generator
The generator is an MLP-based conditional generative DDPM that takes the training
signal ε̃ as input condition and outputs a distribution over λ. The model approximates a
conditional distribution induced by the buffer B:

pϕ(λ | ε̃) ≈ pB(λ | ε̃) (7.7)

where ϕ are the generator parameters. The generator is trained by minimizing the nega-
tive log-likelihood of the training pairs (λ, ε̃) sampled from B:

E(λ,ε̃)∼pB

[︂
− log pϕ(λ | ε̃)

]︂
. (7.8)

Although ε̃ is computed for a training sample associated with a specific timestep t, we
cannot generate simulation data at arbitrary timesteps. We therefore want the generator
to capture the typical difficulty of a trajectory as a whole. We treat t as a latent variable
and learn the conditional distribution induced by the timestep-marginal joint law pB(λ, ε̃)
arising from sampling uniformly from B. This marginalisation is supported by the near-
uniform distribution of timesteps in training batches, ensured by the Reservoir R.

The DDPM is intentionally faster than the surrogate, enabling (1) rapid adaptation of
the sampling distribution to the surrogate’s needs, as its loss landscape evolves, and (2)
fast inference and frequent updates of the upcoming simulation parameters, avoiding the
generator becoming a bottleneck. However, we limit the number of generator updates per
surrogate update to prevent overfitting to the buffer B. Specifically, when a new batch
of training pairs (λ, ε̃) arrives, i.e., each surrogate update, we run a bounded number
Kmax of training steps and otherwise idle. Generator updates never block the surrogate
training. We found Kmax = 50 to be sufficient in our experiments.
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7.3.3 Parameters Sampling Distribution
OGAS is periodically called to sample new parameters for upcoming solver runs. The
gth generation of parameters is obtained by sampling from a mixture distribution pg that
combines a uniform distribution UΛ over the parameter space Λ and the generator-guided
distribution pgen

g :
pg(λ) = αUΛ + (1− α) pgen

g (λ), (7.9)
where α ∈ [0, 1] is a user-defined mixture coefficient3. The generator-guided component
pgen
g is formed by (1) sampling a training signal from a user-defined proposal distribution

k(ε̃) and (2) using it to draw from the current generator conditional pϕg . The resulting
distribution is the marginal of the generator conditional over the proposal distribution:

pgen
g (λ) =

∫︂
k(ε̃) pϕg(λ | ε̃) dε̃. (7.10)

We design k(ε̃) to prioritise sampling parameters associated with challenging training
signals, which are expected to be more informative for the surrogate’s learning progress.
Since ε̃ is z-normalised, it has a mean of zero and a standard deviation of one: average
difficulty corresponds to ε̃ ≈ 0, while higher values indicate more challenging samples.
Then we set k to be proportional to ε̃ within an admissible range A = [0, ε̃max]:

k(ε̃) ∝ ε̃ 1A(ε̃). (7.11)

We choose ε̃max = 5 to prioritise challenging cases while avoiding extreme outliers.

7.3.4 History-bias Correction
We formalise the bias induced by sampling from a finite buffer B and propose a correction
method based on importance weighting.

History bias. From Equations (7.7) and (7.10), and applying Bayes’ rule to the buffer
conditional pB(λ | ε̃), the generator-guided component of the sampling distribution at
generation g + 1 is:

pgen
g+1(λ) ∝ pB(λ)

∫︂
k(ε̃) pB(ε̃ | λ)

pB(ε̃) dε̃, (7.12)

so the learned conditional inherits the generally non-uniform buffer prior from precedent
generations pB(λ). Consequently, reusing pϕ(λ | ε̃) to propose future parameters can in-
duce a history bias that persistently favours historically over-sampled regions of Λ and
potentially keeps the generator focused on regions that are no longer relevant as the
surrogate evolves.

To debias the generator, we train it under a uniform reference prior by targeting the
joint distribution:

p⋆B(λ, ε̃) = UΛ(λ) pB(ε̃ | λ), (7.13)
which enforces a uniform reference prior on Λ while preserving the (time-marginal) signal
mechanism encoded by pB(ε̃ | λ).

3In principle, this is the concentrate-explore control value 1− ε(i) as in the original Breed algorithm,
described in subsection 5.2.1, which similarly follows a warm-up schedule defined in Equation (5.7).
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Figure 7.2: 2D PDE states at t=15 for, left to right, KS, NS, and GS. KS exhibits chaotic
wave patterns, NS shows turbulent vortices, and GS displays complex reaction–diffusion
shapes.

We minimise the corresponding importance-weighted log-likelihood. Using samples
from B, we implement this objective by importance weighting [24]:

Lunif(ϕ) = E(λ,ε̃)∼pB [−wB(λ) log pϕ(λ | ε̃)] , (7.14)

with wB(λ) = UΛ(λ)/pB(λ) the corresponding density-ratio.
The weight wB(λ) is not available in closed form since the buffer marginal pB(λ) is

induced by a history-dependent sampling policy. We therefore estimate the density-ratio
via binary classification. We train a lightweight discriminator Dψ(λ) ∈ (0, 1) (two-layer
MLP: d→64→1) to distinguish samples from the uniform reference UΛ (y=0) and from
the buffer marginal pB (y=1), i.e., Dψ(λ) = P (y=0 | λ). The implied density-ratio
estimator is ˆ︁wB(λ) = π1

π0
· Dψ(λ)

1−Dψ(λ) , (7.15)

where πc = P (y=c) are the class priors [65]. In practice, we use balanced classes (π0 = π1),
so the multiplicative factor cancels. We clip ˆ︁wB(λ) to [wl, wr] for numerical stability.

A simpler alternative is to train the generator only on pairs originating from the
uniform component of the sampling distribution. But we found it underperforms when α
is small, as it significantly reduces the number of available training pairs.

7.4 Experimental Setup

7.4.1 Data Generation
2D PDEs. We use the pseudo-spectral solvers from APEBench [108] for three high-
order nonlinear PDEs: Kuramoto-Sivashinsky (KS), Navier-Stokes Kolmogorov Flow
(NS), and unsteady Gray-Scott-β (GS). The first two model chaotic and turbulent fluid
dynamics, while the third captures continually evolving reaction–diffusion pattern forma-
tion in a chemical system (Nc = 2). We show representative states of each PDE at t = 15
in Figure 7.2 to illustrate the diversity of spatial patterns in the benchmark suite.

Each PDE is defined on a 2D periodic domain X = [0, L]2 discretised into Nx =
2562 grid points. To ensure numerically stable and accurate trajectories, solvers run
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at a fine time resolution ∆teff, but we expose only one state every ∆t timesteps for
training or validation. We also discard the first Ntw states to avoid initial transients.
Training uses trajectories of Nt = 32 timesteps, while validation uses Nt = 51 timesteps
to assess generalization beyond the training horizon. Specifically, we set (∆t, ∆teff, Ntw)
to (0.5, 0.1, 200) for KS, (0.2, 0.002, 50) for NS, and (30.0, 1.0, 50) for GS. These choices
closely follow the established setup of Holzschuh et al., 2025 [82].

Solver input parameters. Each solver takes an input parameter λ = (λIC, λD) as de-
scribed in Sec. 7.2. To capture diverse physical regimes, KS and GS domain sizes λD = L
vary within the [10.0, 130.0] and [0.5, 10.0] intervals, respectively; NS viscosity coefficient
λD = ν is defined on [0.003, 0.008], corresponding to Reynolds numbers Re ∈ [125, 330].

We use two families of ICs, each designed to produce diverse spatial structures while
remaining smooth enough to avoid numerical instabilities. For uniform baselines, the
defined intervals are sampled uniformly, while for AL methods, the sampling is guided by
the method’s strategy. Out-of-bounds parameters are clipped to the valid intervals.

For the KS and NS equations, we sample ICs from a truncated Fourier series with up
to K = 8 modes, with varied amplitudes and phases per mode, yielding up to NIC = 308
parameters. For the GS system, we construct ICs by superimposing B = 8 anisotropic
Gaussian blobs for the first channel, with varied locations, variances, and intensities,
accounting for NIC = 48 parameters. As GS models two interacting chemical species, the
second channel IC is set as the complement of the first.

7.4.2 Compared Methods
We evaluate two variants of the OGAS method: OGAS-L uses the training signal Aℓ

from Eq. (7.5), while OGAS-U uses Au from Eq. (7.6). We compare them against two
standard baselines, namely Uniform and quasi-uniform sampling with Sobol sequences,
two adapted pool-based AL methods with uncertainty estimates, which we present in
detail below, and Breed, which was introduced in Section 6.2.3. To isolate the effect of
the sampling strategy, i.e., generative model vs. Gaussian mixture, for Breed we use the
same update period, mixture rate α, and loss-based training signal as in OGAS-L. Other
hyperparameters match broad Breed regime as in Table 6.2.

Pool-based AL with uncertainty. We take two pool-based batch AL approaches,
namely SBAL and Top-K, with ensemble-based uncertainty estimates from AL4PDE [158]
and adapt them to the online setting. The online SBAL adaptation is detailed in Algo-
rithm 6 and described below.

In offline settings, the pool-based AL proceeds in rounds: (1) train a surrogate for
fixed number of epochs, (2) measure acquisition scores for each candidate solver input
parameter in the pool P , (3) select a batch of candidates based on the scores (and remove
them from P), (4) obtain solver trajectories for the selected candidates, and (5) add the
new trajectories to the surrogate training set. The candidate pool P is initially populated
with a large number of parameters sampled uniformly from Λ, and is updated by removing
selected candidates at each round. The initial training set is selected uniformly from P .
Often, the surrogate is retrained from scratch at each round.

Musekamp et al., 2025 [158] employs uncertainty estimates as acquisition scores.
Specifically, uncertainty is measured via ensemble output variance, similar to training
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Algorithm 6 SBAL adaptation for online training.
Require: Pool size NP , batch size K, rollout fraction ρ ∈ (0, 1], sharpness β ≥ 0,

ensemble {f (m)
θ }Mm=1

1: Construct candidate pool: Sample {λi}NP
i=1 ∼ UΛ uniformly

2: for i = 1, . . . , NP do
3: Sample initial condition u0 ∼ p(· | λi)
4: Set rollout horizon T ′ ← max(1, ⌊ρT ⌋)
5: for t = 0, . . . , T ′ − 1 do
6: Compute ensemble predictions {û(m)

t+1}Mm=1 from ut
7: Record disagreement dt ← Varm

(︂
û

(m)
t+1

)︂
or other metric

8: Update state ut+1 ← ūt+1 (ensemble mean)
9: Aggregate uncertainty: ui ← 1

T ′
∑︁T ′−1
t=0 dt

10: Compute selection probabilities: qi ←
uβi∑︁NP
j=1 uβj

for i = 1, . . . , NP

11: Sample batch: Draw K candidates {λs1 , . . . , λsK
} from {qi} without replacement

12: Return: Selected parameters {λsk
}Kk=1 to simulate

signal in Equation (7.6), but computed over the full trajectory rollout instead of the last
timestep. To select candidates, a batch is drawn without replacement from the pool using
a softened sampling distribution over uncertainties:

qi = uβi∑︁
j uβj

, (7.16)

where ui is the uncertainty score for candidate i [158, 106], and a sharpness parameter
β ≥ 0 controls the degree of exploitation of the uncertainty scores. Specifically, SBAL
corresponds to β = 2, while Top-K corresponds to β →∞ (selecting K candidates with
the highest uncertainties).

SBAL adaptation. We adapt the pool-based procedure to our online setting, where
at each resampling trigger: (1) data generation and surrogate training are paused, (2)
a candidate pool P is constructed by uniformly sampling parameters from Λ, (3) the
AL selection is performed on the candidate pool, (4) the selected parameters update
the upcoming solver runs, and (5) data generation and surrogate training are resumed.
We trigger resampling every 1,000 completed simulations, construct a candidate pool of
size 5,000, and select 1,000 candidates for the next simulations. The first resampling is
triggered after an initial warm-up phase that allows the surrogate to stabilise.

In principle, it is equivalent to the active sampling mechanism described in Sec-
tion 6.4.1, except that the data generation and training are blocked during the AL proce-
dure. In the case of pool-based AL, where the AL selection is computationally expensive,
the pause is necessary to avoid divergence between the surrogate state at the time of AL
procedure and the surrogate state at the time the new data is available for training, which
would make the AL selection less effective.

This adaptation differs from the original in [158] in three main aspects to balance qual-
ity of selection and computational efficiency: we use a smaller but always new candidate
pool (5,000 vs. 10,000), we do not retrain the surrogate from scratch at each round, but
rather continue training from the current surrogate state, and we measure the uncertainty
over only a half of trajectory rollout (ρ = 0.5).
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7.4.3 Surrogates Training and Validation
Training protocol. For each experiment, we train an ensemble of two surrogates
(M = 2) that differ only by their weight initialisations. Both models receive the same
training batches from R and compute 2-step MSE loss (r = 2). This ensemble is required
to compute uncertainty estimates for the OGAS-U, SBAL and Top-K methods. An en-
semble of two members has been shown to provide sufficient uncertainty estimates [158].
The loss-based AL methods (OGAS-L, Breed) are also evaluated from the same surrogate
ensemble, with the training signals computed using the average loss of the two members.
This enables to compare the different methods at equivalent surrogate training condi-
tions. However, as the loss-based signal does not require an ensemble in principle, we
additionally evaluate an OGAS-L1 variant using only one surrogate, and complement
the comparison with single-member validation errors for all other methods to ensure a
consistent evaluation protocol.

Surrogate architectures. We adapt two conditional architectures from AL4PDE [158],
namely modern UNet [248] and FNO [127], which were originally designed for 64 × 64
resolution in 2D. The UNet architecture has 4 times fewer hidden channels to compensate
for the increased resolution, resulting in a total parameter count of 2.3M. The FNO model
has 3 times more Fourier modes retained to capture the higher resolution, resulting in a
total parameter count of 29.5M. Optimisation and hyperparameters follow AL4PDE.

We adapt the scOT-T architecture from Herde et al., 2024 [75], originally designed
for 128 × 128 resolution and all-to-all temporal prediction, by doubling the patch size,
tripling the embedding size, and replacing time-conditioning with physics-conditioning to
accommodate our autoregressive task. This results in a total parameter count of 184.3M.

Online setup and speed limiter. Experiments use the Melissa framework with the
active sampling mechanism. The simulation budget is N = 104 with up to NS = 56
concurrent clients (2 CPU cores each), generating approximately 80GB of data on-the-
fly per run per PDE channel. Each surrogate performs 18,000 gradient updates (≈3–4.5
hours on 2 A100 GPUs, one per ensemble member). OGAS runs its generative AL process
on a dedicated A100 GPU, although the computational load of the generator training is
relatively small, and it can run on a fraction4 of the surrogate’s GPU. Breed runs on a
separate CPU core. All experiments are repeated over 3 random seeds.

In an asynchronous client–server setup, cluster variability (preemption, stragglers)
can shift the relative speeds of data generation and training mid-run, making results
irreproducible even with fixed seeds. To ensure comparability across runs, we standardise
the training protocol by implementing a speed limiter. We control relative speeds with a
view ratio: the average number of surrogate gradient updates performed per simulated
trajectory. A speed limiter throttles either simulation intake or surrogate execution so
that this ratio remains stable throughout training. We set a target of 1.8 updates per
trajectory, consistent with available cluster throughput, yielding 18,000 surrogate updates
for the 104-simulation budget.

Validation metrics. For validation, we use average ensemble predictions, i.e.,

Sθ(·) = 1
M

M∑︂
m=1

Sθm(·), (7.17)

4This is a feature that was not available on the machines we had access to for the experiments.
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(a) Mean blobs centres coordinates. (b) Domain size vs mean blobs amplitudes.

Figure 7.3: Evolution of the sampled parameter distribution with OGAS for unsteady
Gray-Scott. The distribution progressively focuses on challenging parameter regions.

using the surrogates states after the final training step (≈18k). We then evaluate the
performance using the normalised root-square 1-step MSE, given in Equation (7.3), i.e.:

RMSE(λ, t; θ) =

√︂
ℓ1(Xλ

[t−1]; θ)
∥Xλ

t ∥2 + δ
, (7.18)

which is computed per sample of the validation set Dv, composed of 750 trajectories
with parameters λ sampled using Halton sequences and t ∈ {1, ... , 51}, for a total of
37,500 samples. For these per-sample RMSEs, we compute: mean (RMSE-mean), to
quantify global generalization error, 99th percentile (RMSE-p99 ), to capture robustness,
and standard deviation (RMSE-std), to reflect performance consistency.

7.5 Experimental Results
We plot RMSE-mean, RMSE-p99, and RMSE-std for every PDE–architecture–method–
seed run in Figure 7.4. Tables 7.3–7.5 provide complete tabular results, and we sum-
marise each method’s relative improvement w.r.t. the Uniform baseline, averaged over
all experiments, in Table 7.1. Additionally, we visualise example trajectories, comparing
the predictions of surrogates trained with OGAS-L versus Uniform sampling against the
ground truth. See Figures 7.6–7.8. We discuss the key findings below.

Significantly improved robustness and uniformity. Across PDEs, architectures,
and seeds, both OGAS variants improve tail behaviour and reduce error dispersion, yield-
ing more uniform errors. OGAS-L yields the strongest gains, reducing RMSE-p99 and
RMSE-std by 28% and 38%, while OGAS-U achieves 21% and 29% reductions. OGAS-L
also shows smaller seed-to-seed variation, suggesting these improvements are robust. This
matches the OGAS mechanism: concentrating samples on regimes where the surrogate
struggles primarily suppresses rare high-error events. In Figure 7.3, we illustrate this for
GS with scOT, where the sampled distribution progressively concentrates on specific Blob
Center regions, demonstrating how OGAS-L autonomously focuses on harder parameter
regimes to improve robustness. Breed also improves tail metrics but to a lesser extent
and with higher variance across experiments.
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Table 7.1: Relative improvement (%) w.r.t Uniform, averaged over all architecture and
PDEs (mean ± std). Higher is better.

Strategy RMSE-mean RMSE-p99 RMSE-std

OGAS-L −4.22±10.51 28.15±10.44 37.95±10.72
OGAS-U −4.46±9.30 20.56±21.24 29.02±22.03
Breed −11.15±16.01 8.59±32.11 15.62±43.48
SBAL −2.44±8.46 −1.88±24.44 −4.14±25.11
Top-K −0.89±9.54 −0.15±27.98 −4.68±38.71
Sobol −0.82±7.00 −3.88±11.50 −5.54±12.15

Consistency across architectures and PDEs. Differences across settings mainly
appear in RMSE-mean. For lower-capacity surrogates (UNet, FNO), steering toward
harder regimes can slightly increase the mean on KS/GS, where domain-size variation
induces large-scale shifts and makes it harder to fit both typical and challenging behaviours
within a fixed budget. With NS, whose parameter range is tighter, all backbones improve
in RMSE-mean (avg. ≈ 4.65%). The highest-capacity surrogate (scOT) is also the most
stable across PDEs: it yields a smaller but consistently positive mean improvement (avg.
≈ 2.7%) while preserving the robustness gains seen in tail metrics. This supports the
intuition that larger models can absorb the harder-regime emphasis induced by OGAS
with less impact on typical-case accuracy. Breed and Top-K seem to be more sensitive
to the backbone architecture and can underperform Uniform with scOT, whereas both
OGAS variants remain comparatively consistent across architectures.

Average performance. For NS, all methods except Breed improve average errors com-
pared to Uniform, with OGAS-L achieving up to 10.17% reduction for scOT and 3.69%
for UNet. For GS and KS, AL strategies can slightly increase RMSE-mean relative to
Uniform, but these changes remain limited compared to the improvements obtained on
tail metrics. This behaviour is expected when prioritizing robustness: allocating more
samples to rare or difficult regimes reduces extreme failures, and for lower-capacity sur-
rogates, it comes with a modest shift in average-case accuracy, similar to findings in
[47, 158].

Loss vs. uncertainty. Across PDEs, OGAS-L tends to be the most reliable choice,
with noticeably lower variance of tail gains. This is particularly clear on GS, where
uncertainty-based methods can be noisy with small ensembles: for GS–UNet, OGAS-
U exhibits very large seed-to-seed variability in p99 (4.89 ± 3.55) compared to OGAS-
L (4.35 ± 0.50), and similarly inflated variance on p95/p99. Breed shows a significant
improvement for GS–UNet. At the same time, OGAS-U can match or slightly outperform
OGAS-L on smoother settings (notably NS), suggesting uncertainty signals are effective
when they remain well-calibrated.

Minimal training delays. We computed cumulative wall-clock training overheads of
each AL method and present them in Figure 7.5 as average across all experiments and
normalised by the total surrogate training time to facilitate comparisons. OGAS incurs
negligible overheads (23 seconds, ≈0.2% of total training time) thanks to its asynchronous
design. Breed adds slightly more (70 seconds, ≈0.7%). In contrast, SBAL introduces
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Figure 7.5: Cumulative training overheads of AL methods, normalised by the total sur-
rogate training time.

significant delays for pool management (17.6 minutes, ≈10%), making it impractical for
online training even though the pool size was moderate on purpose.

Ensemble-free loss-based steering. Table 7.2 reports aggregated results under a
single-member evaluation protocol, where validation errors are computed using only the
first ensemble member. For the OGAS-L1 variant, a single surrogate is trained, making
loss-based training signal ensemble-free. On robustness metrics, OGAS-L1 marginally
exceeds the ensemble-informed OGAS-L – 24.8% vs. 23.9% on RMSE-p99, 35.3% vs.
33.8% on RMSE-std, respectively, however, average error is degraded more (−10.8% vs.
−8.8%). This confirms that the loss-based signal is effective without the overhead of
ensemble training, but suggests that the ensemble-informed signal provides a regularising
effect on mean performance. More broadly, the general drop in metrics across all methods
under this protocol indicates that ensemble prediction is itself beneficial, independently
of the training signal.

7.5.1 Additional Experiments
Motivated by the limited improvements in average error achieved by AL methods in our
main experiments, we conduct additional small-scale experiments on 1D PDEs. These
experiments provide a fast, controlled testbed where training is computationally tractable,
allowing us to assess potential AL gains more cleanly.

We train a UNet surrogate without conditioning on three PDEs, namely default KS,
KS-c, and KdV from 6.4.3.1, and we compare loss-based OGAS (a slight variant of OGAS-
L) against Uniform and Breed. We include two variants of OGAS to study the impact
of bias-correction: OGAS-NC (no correction) and OGAS-R (only uniform component
samples are used for generator training). Additionally, for OGAS on KS, we investigate
how the surrogate buffer R size and resampling frequency affect learning dynamics. The
results are provided in Tables 7.6 and 7.7.

Stronger gains on average error. In this 1D setting, OGAS consistently improves
all metrics across KS variants, achieving up to 4× and 2× reductions in average error
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Table 7.2: Single-model evaluation. Relative improvement (%) w.r.t Uniform, averaged
over all architecture and PDEs (mean ± std). Higher is better.

Strategy RMSE-mean RMSE-p99 RMSE-std

OGAS-L1 −10.77±14.94 24.81±16.45 35.31±16.00
OGAS-L −8.84±12.19 23.93±18.59 33.78±20.20
OGAS-U −7.69±14.81 11.29±50.61 23.11±40.29
Breed −14.93±16.50 5.58±29.91 13.12±44.76
SBAL −1.37±11.77 −0.87±27.91 −3.98±27.23
Top-K −2.48±14.14 0.45±30.83 −5.81±45.58
Sobol 0.80±10.55 −1.84±16.12 −4.08±17.59

compared to Uniform sampling and Breed, respectively. For KdV, OGAS improves worst-
case and dispersion by one order of magnitude each, compared to both baselines, while
Breed achieves the best average error. These results suggest that for simpler tasks (fewer
than 10 parameters, a smaller model without conditioning, and 1D trajectories), OGAS
steering can be highly effective.

Importance of bias-correction. Relative to no correction, bias-correction decreases
error dispersion by 20%, average by 17%, and worst-case by 16%. Relying only on uniform
samples for training (OGAS-R) performs better than Uniform, but worse than OGAS-NC.
This confirms that the bias induced by the sampling distribution shift is non-negligible,
and that correcting it with importance weights is beneficial for surrogate performance.

Reactivity vs. stability. We find that smaller buffers with more frequent resampling
outperform larger configurations. The best configuration uses 10× smaller buffer and
10× higher resampling rate, achieves 1.8× lower worst-case error, 2.4× lower dispersion,
and 2.5× lower average error, compared to the worst configuration. This highlights the
trade-off between rapid adaptation to evolving target conditionals and the lower-variance
gradient estimates provided by larger buffers.

7.6 Conclusion
This chapter introduced OGAS as a generative alternative to online Breed, replacing adap-
tive Gaussian mixtures with a more expressive neural generator to overcome parameter-
scale limitations. OGAS complies with every pillar of online AL design: it runs asyn-
chronously with negligible delay, remains architecture-agnostic, and reacts fast enough to
track evolving surrogate dynamics. The history-bias correction stabilises training under
non-stationary sampling distribution and contributes significantly to the gains. Overall,
OGAS performs consistently well across the considered PDEs and architectures, despite
their distinctly different dynamics and capacities.

Among the observations, loss-based signals appear as a stable and convenient choice
for measuring informativeness, whereas uncertainty from small ensembles can be noisy and
would need much larger ensembles to become competitive, directly increasing compute.
Additionally, the reactivity of the AL loop emerge as a critical factor for effective steering
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in online settings, as the surrogate’s evolving state can quickly make the AL selection less
effective if it cannot be updated frequently enough.

The evaluation of Breed is extended beyond 1D experiments with a simpler surrogate
from Section 6.4. In this larger-scale testbed, Breed performs reasonably well and improves
over uniform sampling and pool-based AL in many cases. However, it struggles with the
largest surrogate, suggesting that its Gaussian mixture proposal can be too rigid or too
easily biased for higher-capacity models and may require further tuning to perform well
across different settings.

Limitations and Outlook. The current OGAS design leaves several aspects open to
improvement. First, the loss-based training signal is normalised by the norm of the
target state rather than its square, which may be less effective at prioritising high-error
samples. Second, the proposal range with ε̃max = 5 may also be counterproductive,
as it covers a large portion of the right tail, leading to overly difficult trajectories and
surrogate destabilisation. Third, out-of-bounds parameters sampled by the generator
are clipped to Λ, which can reduce sampling diversity; notably, Breed applies a softer
approach (described in 6.2.3.3) that may partially explain its relative advantage in GS,
where boundary regimes are particularly atypical and may destabilise training.

On the practical side, OGAS uses an extra GPU for generator training. Running
it on the surrogate’s device is possible but, in typical multi-GPU setup, it risks some
interference; allocating a dedicated device is thus more feasible, assuming the AL gains
justify the extra resource cost. As for pool-based methods adaptation, similarly using an
additional GPU could avoid pausing the online workflow, yet the lengthy AL procedure
would still introduce lag between surrogate updates and acquisition decisions, essentially
limiting the reactivity we consider critical for AL efficiency. Such experiments would
nonetheless help isolate the contribution of reactivity from that of the acquisition strategy.
Finally, the 2D experiments require longer training to reveal AL’s full potential, as the
surrogate likely requires more time to converge and adapt to harder regimes; the 1D
experiments indicate that sufficient convergence yields stronger gains in average error.

Several promising directions are open to further improve OGAS and explore the limits
of online AL for surrogate training. The current setup fixes the IC type; a natural
extension is to let OGAS also select among IC families, further diversifying the training
distribution; in offline setting, it is a common practice to mix IC types [82, 75]. Combining
OGAS with timestep-level acquisition [101] or adopting information-based acquisition
functions [229] is a complementary axis of improvement that remains unexplored. More
ambitiously, conditioning a generative model to produce initial states directly, rather than
sampling from a fixed parametric family, could greatly expand the expressivity of the data
generation process.

Finally, our results in parameter spaces up to ≈300 dimensions suggest that generative
AL makes scaling in parameter dimensionality more approachable. This opens a natural
question: how far can this scale, and what happens when the target space is no longer
a continuous parameter vector but something structurally richer, such as varying geome-
tries? A related and perhaps more fundamental question is at what point training the
generator itself becomes as demanding as training the surrogate – and what that would
imply for the design of online AL pipelines.
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Table 7.3: 2D Navier-Stokes Results. Active learning strategy comparison on Kol-
mogorov flow. Values show mean ± std across seeds. Best per architecture in bold.

(a) U-Net

Strategy Mean (×10−3) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 8.93± 0.53 2.73± 0.07 4.16± 0.79 1.80± 0.06 1.44± 0.07
OGAS-U 8.91± 0.16 2.72± 0.10 3.72± 0.49 1.78± 0.05 1.42± 0.02
Breed 8.88± 0.36 3.24± 0.18 4.82± 0.10 1.99± 0.09 1.52± 0.08
SBAL 9.38± 0.39 5.01± 0.22 6.12± 0.37 2.60± 0.11 1.93± 0.08
Top-K 9.15± 0.02 4.85± 0.06 6.59± 0.07 2.52± 0.02 1.87± 0.02
Sobol 9.30± 0.06 4.90± 0.04 6.09± 0.24 2.56± 0.01 1.90± 0.00
Uniform 9.27± 0.20 4.88± 0.07 6.16± 0.10 2.56± 0.03 1.89± 0.03

(b) FNO

Strategy Mean (×10−2) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 1.04± 0.01 3.42± 0.12 4.19± 0.14 2.22± 0.04 1.71± 0.03
OGAS-U 1.03± 0.02 3.44± 0.10 4.09± 0.18 2.22± 0.05 1.70± 0.04
Breed 1.23± 0.03 4.78± 0.24 5.60± 0.30 2.86± 0.11 2.17± 0.08
SBAL 1.02± 0.01 5.74± 0.18 5.70± 0.13 2.93± 0.06 2.17± 0.05
Top-K 0.98± 0.02 4.58± 0.24 5.03± 0.12 2.55± 0.08 1.89± 0.06
Sobol 1.02± 0.02 5.88± 0.10 5.66± 0.10 2.98± 0.05 2.20± 0.03
Uniform 1.04± 0.02 5.99± 0.12 5.84± 0.11 3.02± 0.05 2.24± 0.05

(c) scOT

Strategy Mean (×10−2) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 1.72± 0.19 4.42± 0.23 5.45± 0.34 3.08± 0.25 2.55± 0.24
OGAS-U 1.86± 0.04 4.75± 0.13 5.75± 0.14 3.31± 0.08 2.76± 0.06
Breed 2.15± 0.21 7.96± 1.07 10.10± 1.44 4.87± 0.58 3.64± 0.40
SBAL 1.82± 0.18 6.30± 0.29 8.32± 0.34 3.86± 0.23 3.01± 0.22
Top-K 1.75± 0.16 6.19± 0.61 7.97± 0.76 3.75± 0.34 2.92± 0.27
Sobol 1.77± 0.18 6.35± 0.16 8.27± 0.26 3.85± 0.21 2.96± 0.21
Uniform 1.91± 0.22 6.54± 0.47 8.83± 0.99 4.03± 0.33 3.14± 0.29
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Table 7.4: 2D Kuramoto-Sivashinsky Results. Active learning strategy comparison.
Values show mean ± std across seeds. Best per architecture in bold.

(a) U-Net

Strategy Mean (×10−3) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−3)
OGAS-L 5.11± 0.41 1.32± 0.05 5.08± 0.41 0.87± 0.05 6.99± 0.42
OGAS-U 4.86± 0.46 1.37± 0.13 6.07± 0.81 0.94± 0.12 6.70± 0.59
Breed 4.91± 0.46 1.54± 0.21 4.50± 0.95 1.10± 0.16 7.07± 1.00
SBAL 4.44± 0.17 3.24± 0.34 10.56± 0.15 1.83± 0.10 8.57± 0.60
Top-K 4.41± 0.06 3.37± 0.16 10.15± 0.66 1.86± 0.12 8.87± 0.03
Sobol 4.43± 0.02 3.01± 0.18 11.14± 1.68 1.59± 0.03 7.79± 0.24
Uniform 4.28± 0.06 2.61± 0.14 9.53± 0.07 1.47± 0.06 7.51± 0.32

(b) FNO

Strategy Mean (×10−3) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 9.49± 0.28 1.76± 0.06 3.26± 0.18 1.45± 0.03 1.22± 0.04
OGAS-U 8.63± 0.02 2.73± 0.16 4.88± 0.28 2.04± 0.09 1.29± 0.04
Breed 11.32± 0.35 2.53± 0.41 5.02± 0.58 2.18± 0.26 1.61± 0.07
SBAL 9.26± 0.36 3.23± 0.42 3.34± 0.11 1.80± 0.12 1.57± 0.12
Top-K 9.84± 0.16 2.66± 0.36 3.49± 0.23 1.72± 0.05 1.50± 0.04
Sobol 8.56± 0.47 4.11± 0.12 6.46± 0.16 2.86± 0.12 1.56± 0.05
Uniform 8.30± 0.32 4.02± 0.16 5.95± 0.12 2.79± 0.07 1.53± 0.06

(c) scOT

Strategy Mean (×10−2) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 1.22± 0.12 1.92± 0.25 3.20± 0.23 1.71± 0.15 1.51± 0.16
OGAS-U 1.30± 0.15 2.16± 0.35 3.19± 0.28 1.82± 0.23 1.63± 0.22
Breed 1.43± 0.15 5.09± 1.31 8.86± 1.20 3.55± 0.67 2.37± 0.53
SBAL 1.23± 0.11 3.46± 1.70 5.78± 1.98 2.72± 0.86 1.85± 0.46
Top-K 1.20± 0.17 5.02± 2.12 7.47± 2.19 3.30± 1.12 2.09± 0.61
Sobol 1.11± 0.11 3.05± 0.52 5.17± 0.82 2.42± 0.34 1.64± 0.24
Uniform 1.16± 0.11 2.82± 0.95 4.80± 0.39 2.32± 0.58 1.66± 0.35
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Table 7.5: 2D Gray-Scott Results. Active learning strategy comparison. Values show
mean ± std across seeds. Best per architecture in bold.

(a) U-Net

Strategy Mean (×10−2) Std (×10−2) Max (×10−1) P99 (×10−2) P95 (×10−2)
OGAS-L 1.37± 0.04 0.83± 0.07 1.00± 0.39 4.35± 0.50 3.16± 0.09
OGAS-U 1.35± 0.23 1.02± 0.71 1.08± 0.06 4.89± 3.55 4.18± 2.98
Breed 1.13± 0.08 0.47± 0.02 1.52± 0.51 2.42± 0.00 1.89± 0.12
SBAL 1.36± 0.25 1.29± 0.49 1.77± 0.19 6.12± 2.81 4.50± 1.86
Top-K 1.22± 0.13 1.06± 0.28 1.67± 0.07 4.81± 1.56 3.81± 1.08
Sobol 1.42± 0.03 1.43± 0.22 2.02± 0.39 6.69± 1.15 5.21± 0.91
Uniform 1.27± 0.23 1.14± 0.41 1.78± 0.26 5.38± 2.17 4.05± 1.49

(b) FNO

Strategy Mean (×10−2) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 1.41± 0.01 6.21± 0.17 7.36± 0.43 3.21± 0.03 2.71± 0.03
OGAS-U 1.42± 0.02 7.06± 0.35 8.11± 0.26 3.58± 0.14 2.99± 0.12
Breed 1.47± 0.06 7.01± 0.03 9.07± 0.24 3.71± 0.17 2.81± 0.05
SBAL 1.31± 0.01 8.40± 0.02 9.74± 1.76 3.89± 0.01 3.21± 0.01
Top-K 1.35± 0.03 8.70± 0.15 10.08± 0.75 4.01± 0.06 3.32± 0.05
Sobol 1.35± 0.08 8.63± 0.30 9.24± 0.82 3.99± 0.15 3.29± 0.13
Uniform 1.29± 0.03 8.49± 0.33 10.22± 0.70 3.90± 0.13 3.23± 0.11

(c) scOT

Strategy Mean (×10−2) Std (×10−3) Max (×10−2) P99 (×10−2) P95 (×10−2)
OGAS-L 1.44± 0.07 6.13± 0.40 6.41± 1.57 3.25± 0.17 2.77± 0.13
OGAS-U 1.53± 0.05 7.32± 0.47 7.47± 1.04 3.80± 0.31 3.10± 0.10
Breed 1.44± 0.16 5.73± 1.71 8.84± 2.41 3.47± 1.13 2.54± 0.53
SBAL 1.46± 0.03 9.07± 0.05 10.13± 1.59 4.29± 0.11 3.31± 0.03
Top-K 1.47± 0.09 9.02± 1.09 10.71± 2.03 4.28± 0.69 3.30± 0.18
Sobol 1.46± 0.04 8.89± 0.78 9.63± 1.44 4.12± 0.41 3.29± 0.12
Uniform 1.48± 0.14 8.80± 0.66 9.98± 2.53 4.18± 0.54 3.28± 0.18
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Table 7.6: Additional 1D experiments. Summary across PDEs and sampling strategies
(reported as mean ± half-range). OGAS = with correction, OGAS-NC = no correction,
OGAS-R = trained only on uniform component samples. Best (lowest) per PDE and
metric is in bold.

PDE Strategy Mean (×10−5) Max (×10−2) Std (×10−4)
KS Uniform 4.30 ± 1.46 17.8 ± 5.72 15.3 ± 7.59
KS Breed 2.37 ± 1.00 14.2 ± 5.99 11.3 ± 6.43
KS OGAS-NC 1.41 ± 0.58 9.65 ± 3.73 7.44 ± 3.57
KS OGAS-R 2.64 ± 0.40 13.6 ± 3.21 10.2 ± 4.16
KS OGAS 1.15 ± 0.38 8.08 ± 2.17 5.88 ± 2.43

PDE Strategy Mean (×10−7) Max (×10−6) Std (×10−7)
KdV Uniform 2.42 ± 1.15 97.0 ± 217.0 15.0 ± 31.8
KdV Breed 2.09 ± 0.70 1.67 ± 0.70 1.34 ± 0.35
KdV OGAS-NC 2.42 ± 1.63 1.53 ± 0.66 1.38 ± 0.58
KdV OGAS-R 2.43 ± 1.37 1.62 ± 0.71 1.23 ± 0.44
KdV OGAS 2.37 ± 1.16 1.83 ± 0.75 1.45 ± 0.40
PDE Strategy Mean (×10−6) Max (×10−3) Std (×10−5)
KS-c Uniform 6.08 ± 1.29 5.02 ± 0.11 5.16 ± 0.16
KS-c Breed 5.18 ± 1.20 4.19 ± 0.13 4.05 ± 0.15
KS-c OGAS-NC 4.88 ± 1.15 2.96 ± 0.80 2.24 ± 0.78
KS-c OGAS-R 5.89 ± 1.42 4.91 ± 0.31 4.88 ± 0.47
KS-c OGAS 4.87 ± 0.90 2.11 ± 1.44 1.71 ± 1.07

Table 7.7: Additional 1D experiments. Buffer size and resampling cadence ablation on
1D KS. SR=Slow Refresh (3× buffer size), NR=Normal Refresh (1×), FR=Fast Refresh
(0.3×). Best (lowest) metric in bold.

Configuration Max (×10−1) Std (×10−4) Mean (×10−5)

Large buffer (1,500 trajectories = 5% of total budget)
+ SR 1.20 ± 0.57 9.57 2.03
+ NR 1.01 ± 0.24 7.48 1.47
+ FR 0.88 ± 0.27 6.17 1.20

Medium buffer (750 trajectories = 2.5%)
+ SR 1.16 ± 0.49 9.09 1.67
+ NR 0.89 ± 0.29 6.75 1.21
+ FR 0.72 ± 0.23 4.94 0.98

Small buffer (150 trajectories, ≈ 0.5%)
+ SR 0.89 ± 0.29 6.48 1.45
+ NR 0.79 ± 0.28 5.39 1.20
+ FR 0.66 ± 0.15 3.98 0.80
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(a) U-Net

(b) FNO

(c) scOT

Figure 7.6: Navier-Stokes Trajectory Samples. Comparison of rollout predictions on
difficult trajectories. We compare the ground truth (GT) against surrogates trained with
Uniform sampling and OGAS.
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(a) U-Net

(b) FNO

(c) scOT

Figure 7.7: Kuramoto-Sivashinsky Trajectory Samples. Comparison of rollout pre-
dictions on difficult trajectories. We compare the ground truth (GT) against surrogates
trained with Uniform sampling and OGAS.
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(a) U-Net

(b) FNO

(c) scOT

Figure 7.8: Gray-Scott Trajectory Samples. Comparison of rollout predictions on
difficult trajectories. We compare the ground truth (GT) against surrogates trained with
Uniform sampling and OGAS.





Conclusion

When developing DL surrogates, the data generation stage is often overlooked in the
overall process. This largely reflects the practice inherited from observation-based DL,
where a finite, pre-collected dataset is used for training. For data-driven surrogates,
an analogous finite dataset is typically created synthetically by running many numerical
solver instances with input parameters sampled uniformly from the defined domain and
storing the resulting trajectory solutions on disk.

This approach, however, ignores the unique opportunity to participate in data
creation, which does not exist in observation-based DL. As a consequence, it introduces
two issues that degrade the I/O and compute efficiency of surrogates, as well as their
generalisation capabilities. First, large-scale scientific computing data quickly encounters
storage-related limits: non-negligible, irreducible I/O overhead slows down data gene-
ration and training, and storage budget constrains the discretisation resolution and the
number of samples. Second, while a uniform prior for parameter sampling is reasonable
when the true data distribution is unknown, it often results in non-uniform distributions
over solutions, leading to datasets with limited diversity, dominated by trivial samples.

In this thesis, we set a goal to mitigate this synthetic data bottleneck from a data-
centric perspective. To overcome storage-related limits, we adopt an online training ap-
proach, in which data creation and surrogate training are concurrent and overlapped, and
samples are transferred memory-to-memory, removing the need for intermediate storage.
Once I/O limits are lifted, compute becomes the primary bottleneck.

To improve the compute efficiency of training, we aim to increase data efficiency with
query-synthesis active learning (AL): instead of generating data passively, data creation
is actively steered by the surrogate’s training dynamics towards more informative solu-
tion states, thereby reducing the number of solver calls and training iterations required
to reach a target performance. In standard query-synthesis AL, an acquisition function
scores the informativeness over the input data space, and an acquisition strategy, based on
these scores, synthesises input queries to an oracle for corresponding outputs; the result-
ing input-output pairs are used for training. In surrogate training, however, queries are
generated within the solver parameter space rather than directly in the high-dimensional
solution space, inducing an intricate and effectively intractable mapping between pa-
rameters and informativeness. This makes adoption of AL in this setting non-trivial,
particularly under concurrent data generation and training.

While online training for surrogates has been explored in prior work, namely the
Melissa framework [187], no AL methods had been developed for this setting. This leads
to the central research question of this thesis:

How can AL be effectively applied to online surrogate training?

159
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Summary of Contributions
This thesis approached the research question through a series of contributions, each build-
ing on the preceding one by addressing identified limitations and moving towards more
challenging scenarios.

In Chapter 5, we introduced Breed, a loss-based AL method for sampling training
points, whose core is an adaptive multiple importance sampling (IS) algorithm with a
Gaussian mixture (GM) proposal mixed with a uniform distribution under a controlled
ratio. We applied Breed in two offline settings, comparing it to a uniform resampling
baseline and the state-of-the-art R3 method [40]. First, we used Breed for adaptive sam-
pling of collocation points in physics-informed NNs (PINNs). This setup differs from our
target data-driven setting: points are sampled directly in the spatio-temporal solution do-
main, and no simulation data must be created, eliminating the need for solvers. Yet, this
was the only setup where prior work has applied query-synthesis AL for surrogate learn-
ing, allowing us to benchmark Breed against related active collocation sampling methods
[235] and validate the approach before moving to the more complex targeted setting. Sec-
ond, we developed a data-driven toy-simulator benchmark where difficulty over parameter
space is known by construction, enabling simple analysis and visual interpretation of AL
effectiveness against a region-of-interest test set.

In Chapter 6, we first characterised the challenges of AL in the online setting, namely
limited access to generated data due to buffering, deferred and non-stationary acquisition
under concurrent data generation and surrogate training, and the requirement not to
interrupt training. Building on these, an active sampling (AS) mechanism was designed
for the Melissa framework, and Breed was adapted to this setting by introducing a delta-
loss statistic, a queue-based proposal population, and an efficient out-of-bounds sample
handling strategy. We evaluated online Breed in a proof-of-concept setup with a direct
surrogate for a heat-transfer PDE with five input parameters, demonstrating the feasibility
of steering the sampling of initial condition (IC) parameters towards regions of increased
difficulty. The AS mechanism was then refined, and the experimental suite was extended
to an autoregressive surrogate for nonlinear and chaotic PDEs of varying difficulty, with
Breed compared to the uniform baseline.

In Chapter 7, we presented OGAS, a generative AL method designed to address lim-
itations of Breed: the low expressivity of GMs, which hinders capturing complex distri-
butions; the slow adaptability of IS, which struggles to keep up with evolving training
dynamics; and sensitivity to numerous hyperparameters, which are tedious to tune. OGAS
employs a fast diffusion model to learn a conditional distribution over solver input pa-
rameters given training signals that capture sample difficulty with minimal computational
overhead. Additionally, we formalised the history-bias effect of training under a shifting
sampling distribution and proposed a correction mechanism for the diffusion objective to
mitigate it. The method, in two variants (loss-based and uncertainty-based signals), was
compared to Breed and to adapted pool-based AL methods, guiding both IC and physics
parameters sampling, and evaluated on a benchmark suite spanning three different back-
bone surrogate architectures of increasing size and three nonlinear 2D PDEs with distinct
dynamics, with up to 308 IC parameters.

Overall, the contributions of this thesis form a unified online framework for training
PDE surrogates with query-synthesis AL, and reflect a coherent progression along three
axes: from offline to online training, from explicit parametric methods to a generative
approach, and from simpler to more complex PDEs modelling tasks.
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Cross-cutting Discussion and Limitations
The main finding of this thesis is that active data generation is better than passive, and
that a relatively direct approach like Breed can be applied without incurring additional
overhead or delays to online training. The effectiveness of active data generation then
depends on the desired goal, the surrogate’s capabilities, methodological and system-level
design choices, and their interplay.

Improved reliability. The experiments repeatedly showed that our proposed AL meth-
ods reduce error variance and tail metrics, increasing surrogate reliability, which is directly
valuable for safety-critical applications. In Chapter 5, Breed reduced test errors over the
hard validation set for the toy-simulator benchmark by a factor of 2.5 relative to the
uniform baseline. In Chapter 6, maximum error and dispersion were significantly reduced
in most cases, sometimes by an order of magnitude. In Chapter 7, on average over all 18
experiments, relative to the uniform baseline, loss-based OGAS reduced 99th percentile
error and dispersion by 28% and 38%, uncertainty-based OGAS by 21% and 29%, and
Breed by 9% and 15%, respectively, while all incurring less than 1% of delays to training
time.

Model capacity constrains average performance gains. While AL consistently
improves reliability, its effect on average performance is conditioned by the surrogate’s
capacity. In the main experiments of Section 6.4.4, changes in average error are marginal
and inconclusive. In Chapter 7, OGAS and Breed degrade average error by 4% and 11%
respectively relative to the uniform baseline. However, when the model has sufficient
capacity and training budget, AL notably improves average performance alongside tail
metrics and variance. This is supported by the extended experiments in Section 6.4.5,
small-scale experiments in Section 7.5.1, results for the Navier-Stokes equation in Chapter
7, and the offline setting experiments of Chapter 5.

We hypothesise that this finding is connected to both the bias-variance trade-off and
uncertainty decomposition: AL reduces variance by exposing the model to diverse samples,
but cannot reduce the bias induced by insufficient model expressivity. Similarly, AL
reduces uncertainty stemming from lack of knowledge about data, but not the uncertainty
stemming from the model’s limited capabilities to represent the data. Therefore, to exploit
AL effectively, it is important that the surrogate has sufficient capacity and is given
adequate training budget for the task at hand. This hypothesis was not formalised within
the scope of this thesis.

Importance of distributional analysis of test errors. Throughout this thesis, we
repeatedly examined data and model errors in detail, by constructing region-of-interest
datasets, investigating relations between input parameters, training data, and errors, and
analysing error distributions both quantitatively and visually. We argue that average error
is insufficient to assess surrogate performance, as the intricate parametrisation via solver
inputs produces imbalanced data representation and highly skewed error distributions
that aggregated metrics fail to capture.

Beyond the surrogate model’s capabilities, other factors impact the effectiveness of AL
in online surrogate training: the design of the AL method itself, how it accommodates the
training data shifts it induces, and how it is integrated into the online training workflow.
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Acquisition function and its approximation. The acquisition function must not
only accurately represent sample informativeness, but also remain robust to indirect
parametrisation via solver inputs, and incur minimal computational overhead to not
hinder the online workflow. Within this thesis, we experimented with several relatively
lightweight acquisition signals, progressing from raw and aggregated relative loss, to time-
marginal signals based on scaled loss and output uncertainty. We found that loss-based
scores can be sensitive to training noise and require proper normalisation, while uncer-
tainty estimates, despite being more principled, shown to be less consistent and effective
in the experiments of Chapter 7, which we attribute to the small ensemble size that limits
the quality of uncertainty estimates in exchange for lower computational overhead. In the
scope of this thesis, we did not explore representation-based or information-theoretic ac-
quisition functions from the broader AL [193], as their adaptation to the online surrogate
training setting is less straightforward, and they typically require more computational
overhead.

To enable effective sampling, an approximator must not only be sufficiently expres-
sive to capture complexity of the acquisition landscape, but also be adaptive enough to
follow its evolution, while remaining computationally efficient. In this thesis, we progress
from IS with a GM proposal to a fast diffusion-based NN with correction mechanism,
finding that OGAS generally outperforms Breed. Nonetheless, the design space of density
approximation methods is vast, and we have explored only a small corner of it.

Accommodating training data shifts. Maintaining surrogate stability under the
training data distributional shifts introduced by AL is also critical, as these can otherwise
lead to a compounding feedback loop of degraded AL decisions and surrogate performance.
This thesis addressed it through a concentrate-explore control with linear-constant sched-
ule that mixes proposal and uniform distributions to maintain knowledge of the whole
parameter space and avoid overfitting to specific regions. We found this approach to be
an essential part of AL effectiveness, as supported by ablation experiments in Section 6.3,
and subsequently adopted it in OGAS. However, our approach, while relatively simple,
is restricted to a fixed schedule with heuristically chosen hyperparameters. Additionally,
the training data update frequency follows a passive, periodic pattern.

Efficient feedback-loop. In our setting, AL operates one step behind the surrogate:
it requests new samples based on the current surrogate state, these are generated concur-
rently with the surrogate training, and the evolved surrogate is ultimately exposed to the
new samples tailored to a past state. Minimising this latency between AL decisions and
the surrogate’s exposure to the corresponding data is therefore critical. It depends not
only on the computational cost of acquisition evaluation and sampling, but also on the
concrete implementation of the feedback loop. We sought to reduce this latency by im-
proving the AS mechanism, and, in OGAS, by using a fast generative NN. In experiments
of Section 7.5.1, we find that using a Buffer of smaller capacity substantially improves AL
effectiveness, as it increases the model’s exposure to recent samples during training, but
with reduced mitigation of intra-simulation bias. The speed imbalance between solver
and surrogate, as well as the current buffer management in Melissa, remain important
limitations that influence both the latency and the data shifts discussed above.
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Future Work
This thesis has laid the groundwork for active data generation in online surrogate training,
but several open questions and promising directions remain.

Cross-pollination. The problem setting of this thesis presents a combination of chal-
lenges that cuts across several neighbouring to AL fields, as discussed in Chapter 4, most
notably Bayesian optimisation (BO), reinforcement learning (RL), and simulation-based
inference (SBI), among others; however, it is not solely addressed by any of them. While
our proposed methods were designed largely in isolation from their established theory and
practice, they already share certain methodological elements with each. For instance, the
concentrate-explore control is directly connected to the exploration-exploitation trade-off
in RL, and the use of a generative model to approximate the acquisition landscape is
tightly connected to the use of surrogate models for black-box optimisation in BO and
for amortised inference in SBI, conceptually similar but with different objectives and con-
straints. Data shifts are addressed in RL through off-policy learning and experience replay,
and in continual learning through regularisation and rehearsal method. One promising
direction for future work is to further explore these connections and draw inspiration
from the rich literature in these fields to develop more theoretically principled and adap-
tive query-synthesis AL methods for non-stationary and parametrised data generation
settings.

Systematic empirical investigations. More systematic empirical studies are still
needed to decouple AL methodological effects from implementation-level factors of on-
line training, as acknowledged in Section 3.3.4. A natural next step is to replicate and
extend the experiments of this thesis on genuinely compute-bound simulations, such as
more complex 3D or industrial-scale solvers, with careful I/O and runtime profiling and
explicit accounting of the cost of regenerating data. This would enable a quantitative
study of how different speed imbalances and buffer configurations affect the latency of
the AL feedback loop and the training data shifts, which can be examined by varying the
parallelisation level of data generation and training. Such studies should also characterise
regimes in which online training and AL bring limited benefit or even become bottlenecks
themselves, for example, when acquisition overhead dominates or solver and model run-
times are poorly matched resulting in stale AL decisions, clarifying when simpler passive
strategies remain preferable.

The results of Chapter 7 have made scaling up and applying generative AL to more
complex surrogate training scenarios more approachable, opening several interesting di-
rections.

Foundation models. As the generalisation objective of foundation PDE surrogates
[75, 145] widens the design space of pretraining data, we see future work on AL in this
regime as particularly important. AL can be applied to guide the choice of IC families,
PDE types for a given symbolic or latent parametrisation, time-steps in trajectory [101],
and resolution [125], or even directly synthesise informative states in solution space. In
settings where regenerating data online is costly or infeasible, such mechanisms could
also be used to construct compact yet informative training and validation datasets for
reuse across studies and models, not for the purpose of training a surrogate, but for
benchmarking and evaluation of surrogate performance and generalisation capabilities.
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Irregular domains and unstructured geometries. Extending AL beyond square
domains and regular meshes to surrogates that generalise over complex geometries and
unstructured grids remains open and is highly relevant for industrial-scale applications.
A key challenge is how to parameterise the geometry and spatial space, including higher-
dimensional and topological aspects, in a way that allows informative-region discovery, for
example via graph-based models or space-continuous formulations akin to PINNs, without
making the AL model itself as hard and expensive to train as the surrogate. An important
open question is whether, in this setting, AL actually improves over uniform priors and
whether online schemes still feasible once memory requirements and regeneration costs
for complex geometries are taken into account.

Broader Impact and Closing Remarks
Beyond the specific methods developed in this thesis, it is worth reflecting on the broader
context of AI for scientific computing and surrogate modelling. This area is still young
and evolving rapidly, and many current studies are based on simplified or idealised bench-
mark problems, echoing the early stages of deep learning in computer vision (CV) and
natural language processing (NLP). In those domains, progress was strongly driven by
abundant observational data and increasing compute and model scale, culminating in
today’s generative models that would have seemed out of reach a decade ago.

AI for scientific computing, however, differs from these in a fundamental way: data-
driven surrogate models rely on data generated by computationally expensive solvers, i.e.,
the same systems they aim to approximate, rather than on collected observational data.
In principle, more synthetic data can always be generated, avoiding the data scarcity
issues that often arise in observation-based DL, but at the cost of additional computa-
tion. This creates a tension. On one hand, scientific computing underpins many critical
domains, such as engineering, climate and weather prediction, aeronautics, and energy
systems, where surrogates can have substantial societal and economic impact. On the
other hand, blindly scaling solver calls and model sizes risks amplifying the environmen-
tal and economic footprint of computation.

In this context, data generation itself becomes a central bottleneck and a key point
of divergence from the historical trajectory of CV and NLP, motivating data-centric ap-
proaches. Instead of generating as much data as resources allow and relying solely on
larger models and more compute, there is a need for more deliberate, resource-aware use
of synthetic data: generating the right data at the right time. This thesis presents a step in
that direction, treating synthetic data generation as a first-class design choice in surrogate
training.

Last but not least, it is important to acknowledge that the long-term impact of AI
for science will depend not only on methodological and system-level advances, but also
on the way research is conducted and shared. We believe that open, collaborative, mul-
tidisciplinary, and inclusive science, grounded in careful consideration of environmental,
social, and economic implications, is essential for ensuring that advances in AI for science
contribute meaningfully to both scientific progress and human well-being.







Appendix A

Carbon Footprint

One of the main research goals of the thesis was to make surrogate training and data
generation more computationally efficient, which is not only important for the practical
applicability of the surrogates, but also for reducing the AI impact on the economy and
the environment, specifically, the carbon emissions from the computational experiments.

To not be hypocritical, I have tried to be mindful of the carbon emissions from the
experiments performed during this thesis, and to estimate them as accurately as possible.
Here, I provide an estimate of the carbon footprint of the computational experiments
performed during this thesis, as well as the emissions from academic travel and daily
commute. Frankly, some numbers have surprised me, and not in a good way.

I hope that this section will motivate other researchers to be more mindful of their car-
bon emissions and to take steps to reduce them, such as, using more efficient algorithms,
reducing unnecessary experiments, choosing HPC infrastructures with lower carbon in-
tensity (those powered by renewable energy sources), reducing unnecessary travel and
choosing more sustainable transportation options when travel is necessary.

Computational Emissions
During this thesis, computational experiments were mainly performed on the GriCAD
cluster located at the University of Grenoble, France, and the Leonardo supercomputer
(#10 in TOP500-list) hosted by CINECA in Bologna, Italy.

GriCAD HPC Cluster
The GriCAD cluster provides carbon footprint estimates per user based on the total CPU
hours consumed, using a factor1 of 3.57 gCO2e/core.h and an electricity carbon intensity
in France of 59.9 gCO2e/kWh (2023 update).

The total CPU hours consumed during this thesis, specifically for the experiments
reported in Chapters 5 and 6 (excluding the additional experiments in Section 6.4.5) that
were performed on my account, were approximately 56,937 hours, split between the Dahu
partition (13,440 hours) and the Bigfoot partition (43,496 hours). This results in an
estimated total carbon footprint of 203 kgCO2e, split between Dahu (155 kgCO2e) and
Bigfoot (48 kgCO2e).

1https://hal.archives-ouvertes.fr/hal-02549565v5
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However, the electricity production in France decreased2 from 59.9 gCO2e/kWh in
2023 to 44.4 gCO2e/kWh in 2024, and to 33.3 gCO2e/kWh in 2025, due to the increase
in the share of renewable energy sources. Therefore, the actual carbon footprint of the
experiments performed on the GriCAD cluster is likely to be lower than the estimated
value based on the 2023 factor.

I am grateful to have had access to the French HPC infrastructure, which is powered
by a low-carbon electricity grid (#6 in the world with 97% of low-carbon electricity3:
nuclear 69.6%, solar 5.7%, wind 9.1%, hydro 11.2%, and others), and to have been able
to perform the experiments for this thesis with a relatively low carbon footprint.

Leonardo CINECA Supercomputer
The Leonardo supercomputer does not provide per-user carbon footprint estimates, so I
calculated the emissions according to Lannelongue et al., 2021 [118] (excluding memory
power draw), using the formula:

Emissions (gCO2e) = Energy (kWh)× Carbon Intensity (gCO2/kWh),
where Energy (Wh) = (Time (GPU.h)×GPU Power (W)+

+ Time (core.h)× CPU Power (W))× PUE,

(A.1)

where power draw of the GPUs and CPUs is estimated based on their TDP specifications.

Hardware TDP specifications. The TDP specifications of the hardware used on the
Leonardo supercomputer are as follows4:

• Booster partition accelerator: NVIDIA custom Ampere A100 SXM45: 440W per
GPU;

• Booster partition processor: Intel Ice Lake Intel Xeon Platinum 83586, 32 cores:
7.8125 W/core (8 cores per GPU);

• DCGP partition processor: Intel Sapphire Rapids Intel Xeon Platinum 8480+7, 56
cores: 6.25 W/core.

Carbon intensity and PUE. The Leonardo supercomputer is located in Italy, where
the electricity grid has a higher carbon intensity compared to France. The Italy’s grid
carbon intensity in 2025 is estimated8 to be 324 gCO2/kWh. The PUE (Power Usage
Effectiveness) of the Leonardo is estimated9 to be below 1.1.

2https://lowcarbonpower.org/region/France
3https://lowcarbonpower.org/region/France
4https://docs.hpc.cineca.it/hpc/leonardo.html#hardware-details
5https://jlsrf.org/index.php/lsf/article/view/186
6https://www.intel.com/content/www/us/en/products/sku/212282/

intel-xeon-platinum-8358-processor-48m-cache-2-60-ghz/specifications.html
7https://www.intel.com/content/www/us/en/products/sku/231746/

intel-xeon-platinum-8480-processor-105m-cache-2-00-ghz/specifications.html
8https://lowcarbonpower.org/region/Italy
9https://leonardo-supercomputer.cineca.eu/technopole
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https://lowcarbonpower.org/region/Italy
https://leonardo-supercomputer.cineca.eu/technopole


169

Compute budget. Our Melissa project got access to the Leonardo supercomputer in
May 2025, and the experiments performed on this system are reported in Section 6.4.5
and Chapter 7. Overall, since the access to the system, the project account (3 active
users including myself) has consumed 115,812 core.h on Booster partition, and with the
conversion of 8 core.h to 1 GPU.h we get 14,476.5 GPU.h, and 452,056 core.h on DCGP
partition.

Estimated emissions. Based on the above specifications and estimates, the total emis-
sions from the Melissa experiments performed on the Leonardo are:

(6369.7 + 904.8 + 2825.4) kWh× 1.1× 324 gCO2/kWh ≈ 3.6 tCO2e, (A.2)

which is equivalent10 to approximately 1.75 round-trip flight Paris-New York, or 39.6% of
the average annual carbon footprint of a French citizen.

The DCGP partition was used for generating the surrogate training data and con-
tributes to about 28% of the total emissions, while the other 72% of the emissions are
from the Booster partition, which was used for the surrogate training.

I attribute third of the emissions to my personal carbon footprint, which is approxi-
mately 1.2 tCO2e.

Transport Emissions
Transportation is considered one of the largest contributors to carbon emissions, and
academic travel can significantly contribute to a researcher’s carbon footprint. In this
section, I provide an estimate of the carbon emissions from the academic travel and daily
commute during the 4 years of this thesis.

Academic travel
During the 4 years of this thesis, I attended several academic events in person. Here is a
list of the events I attended, along with the mode of transportation used for each trip:

1. Three project meetings and three schools in Paris, France (train);
2. One project meeting in Bordeaux, France (train via Paris);
3. JLESC 2023 workshop in Bordeaux, France (train via Paris);
4. ICML 2024 in Vienna, Austria (flight from/to Lyon);
5. SC 2024 in Atlanta, USA, contributing to three trips:

• 2 trips to Bern, Switzerland, in order to get US visa (train via Geneva),
• 1 trip to Atlanta, USA (train to/from Paris, transatlantic flight from/to Paris);

6. TUM research visit in Munich, Germany (train via Paris);

These result in:

• 10 round-trip TGV train journeys Grenoble–Paris (960 km round-trip);
10https://impactco2.fr/outils/comparateur

https://impactco2.fr/outils/comparateur
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• 2 round-trip TGV train journeys Paris–Bordeaux (1,168 km round-trip);
• 1 round-trip TGV train journey Paris–Munich (1,366 km round-trip);
• 2 round-trip TER train journeys Grenoble–Geneva (314 km round-trip);
• 2 round-trip train journeys Geneva–Bern (260 km round-trip);
• 1 round-trip transatlantic flight Paris–Atlanta (14,100 km round-trip);
• 1 round-trip flight Lyon–Vienna (1,800 km round-trip).

French trains’ carbon emissions11 (2025): 3.5 gCO2e/pkm for TGV and 23.8 gCO2e/pkm
for TER. The difference is mainly due to higher occupancy rates and more efficient energy
use of the TGV trains compared to the TER trains, which are regional trains that often
have lower occupancy rates and less efficient energy use. In Switzerland, the carbon emis-
sions of trains are even lower due to the high share of renewable energy in the electricity
mix. The SBB regional trains’ carbon emissions12 (2024): 0.213 gCO2e/pkm.

Thus, the estimated emissions from the train journeys are approximately:

• 13303 km by TGV train × 3.5 gCO2e/pkm = 46.6 kgCO2e;
• 628 km by TER train × 23.8 gCO2e/pkm = 14.9 kgCO2e;
• 520 km by Swiss SBB train × 0.213 gCO2e/pkm = 0.11 kgCO2e;

which totals to approximately 61.6 kgCO2e.
Flights’ carbon emission estimates13: 2.4 tCO2e for Paris–Atlanta flight, and 0.5 tCO2e

for Lyon–Vienna flight, which totals to approximately 2.9 tCO2e.
These estimates only include the direct emissions from A-to-B transportation, and do

not include so many more factors, such as, hotel stays and local transportation. However,
nothing of these factors would change the overall conclusion that the carbon emissions
from the flights are much higher than those from the train journeys, and that the total
emissions from academic travel are significant.

I am grateful to have had the opportunity to attend these events in person, which
allowed me to connect with the research community and learn from my peers, probably,
impossible to achieve through virtual attendance. Although, I feel that it is not fair
that some of top-tier conferences in ML/DL are held exclusively in the US, forcing many
European researchers to take long-haul flights to attend them, which significantly increases
their carbon footprint. I hope that in the future, more conferences will be held in different
locations around the world – this trend is already happening, with more conferences being
held or dual-hosted in Europe and Asia, which is a positive step towards reducing the
carbon footprint of academic travel.

Daily commute
Little steps add up, and the carbon emissions from daily commute can also be significant
over time. Grenoble is a great city for sustainable transportation, with a good network
of bike lanes and public transport. I have been commuting to the university by bike and

11https://www.sncf-voyageurs.com/en/discover-our-company/csr-and-transitions/
calculating-the-carbon-footprint-of-transport

12https://reporting.sbb.ch/en/sustainability
13https://travel-footprint-calculator.irap.omp.eu/estimate.html
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171

public transport for the past 4 years, which has significantly reduced my carbon footprint
compared to commuting by car or diesel bus.

Commuting emissions were estimated based on approximately 5 days per week over 4
years (minus 7 weeks annual holiday), totalling 900 days, with a round-trip distance of ap-
proximately 7 km. Transportation was approximately split 75% by bicycle (0.17gCO2/km)
and 25% by public transport, specifically, biogas-fuelled buses (26 gCO2/km) and elec-
tric trams (4.28 gCO2/km). The numbers are per person and taken from https://
impactco2.fr/outils/transport/, which is provided by the French Environment and
Energy Management Agency (ADEME). Note: for gas-fuelled buses, it provides a fig-
ure of 122 gCO2/km, but in Grenoble, the CHRONO buses (the line I use) are fu-
elled by biogas since 2021, which has 79% lower carbon intensity based on https:
//www.mobiogaz.fr/bilan-co2-du-gnv-ou-biognv/.

Total emissions then:

Total distance = 900 days× 7 km/day = 6300 km
Bike ≈ 0.75× 6300 km× 0.17 gCO2/km ≈ 803 gCO2

Bus ≈ 0.25× 0.5× 6300 km× 26 gCO2/km = 20475 gCO2

Tram ≈ 0.25× 0.5× 6300 km× 4.28 gCO2/km = 3370.5 gCO2

Total ≈ 803 + 20475 + 3370 ≈ 24648 ≈ 25 kgCO2

(A.3)

If I commuted only by diesel bus (122 gCO2/km) it would be instead 768 kgCO2
(30×), by car (218 gCO2/km) it would be 1373 kgCO2 (55×). I am thankful to have the
option to commute by bike and carbon-neutral public transport of Grenoble, which is a
great example of how cities can reduce the carbon footprint of their inhabitants.

Overall Carbon Footprint
In total, over 4 years, the estimated carbon footprint of this thesis is at least 4.39
tCO2e, which is around 1.1 tCO2e per year. With the goal “well below 2 tCO2e per
year” in mind, this thesis has taken more than half of the budget, which is a significant
contribution. Moreover, 55% of the emissions are from one single flight, which is a clear
example of how a single decision can have a large impact on the overall carbon footprint.

However, I am glad that I was able to keep the carbon footprint of this thesis relatively
low, and I hope that it can serve as an example for other researchers to be mindful of
their carbon emissions and to take steps to reduce them.

https://impactco2.fr/outils/transport/
https://impactco2.fr/outils/transport/
https://www.mobiogaz.fr/bilan-co2-du-gnv-ou-biognv/
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